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1. Gaussian curvature

Consider a smooth surface in R3. What does
it mean to say the surface is flat?

Definition A surface S is flat if there exists a
distance preserving bijection between S and a
subset U of the plane (say S and U are isomet-
ric).
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ds(z,y) = |f(z) — f(y)]

It would appear to 2-dimensional residents of
S as if they were living in a plane.



Example: a (portion of) a cylinder.

This is not possible with (any piece of) a sphere

Thus the sphere is non-flat. Gaussian curva-
ture is a device for quantifying this behavior.



Let e; and e, be orthonormal tangent vectors
to the surface S and ez a unit normal vector
(defined at each point z € S).

Then e5 (the normal vector): S — R3, so des(z) €

L(Tz, R3). In some sense, the magnitude of
de3(z) is a measure of the curvature of S at =z.
How is the magnitude to be determined?

Note that since < e3,e3 >=1, for v € TS5, we
have
0=dy < €3, €3 >=2 < de€3,€3 > .

Thus dyes € To M, i.e. dez(x) € L(T%S,T2S).

Definition. The Gaussian curvature k of S at
z is defined by k = Det des(x)



Since k is defined in terms of the normal vec-
tor, it looks like it is heavily dependent on the
way in which S is embedded into R3. However,
Gauss proved the following remarkable fact:

Gauss Theorem Egregium. Two surfaces
are isometric if and only if they have identical
Gaussian curvatures at corresponding points
(i.e. GC depends only on the metric struc-
ture of S and is independent of the embedding
of S into R3).

In particular

Corollary A piece of a surface is flat if and
only if its GC is identically zero.

This implies the well-known fact that it is im-
possible to make a flat map of (part of) the
earth that preserves distances.



2. The Euler characteristic

Let S be a compact surface in (e.g. a balloon
or a donut). Triangulate S into a grid of tri-
angles. Suppose the triangulation contains f
triangles (faces), e edges, and v vertices.

Definition. The Euler characteristic x of S is
defined by

X=f—e+w.

x is independent of the triangulation used and
is a topological invariant. In fact, x = 2(1 —g)
where g is genus of S.



3. The Gauss-Bonnet theorem

G-B Theorem (1850). Let S be a closed ori-
entable surface in R3 with Gaussian curvature
k and Euler characteristic x. Then

kdA = 2.
Jyhat =2mx

Example. The sphere of radius a:

€3

Since e3(x) = x/a, we have dez(z) = %I where

I is the 2 x 2 identity matrix. So k = 1/a?.
Note also that since the sphere has g = 0O,
x = 2. Hence

/S kdA = /S 1/adA = 1/a2A(S)

= 47 = 27Y.



4. An intrinsic description of GC

Again, let eq,e5,e3 be an orthonormal frame

on S with e3 normal to S§. We saw earlier that

there exist 1-forms w37, and w3, on S such that
d€3 —_ CU31€1 —I— W32€2.

Similarly

dey, = wpye1 1+ wpzes

dej = wipen T wizes.

It is easy to see that w3y Awz, = kdA, where A
IS the area form on S. This is an extrinsic for-
mula for k. However, there is the remarkable

relation
(U31 A\ CLJ32 — —dwlz.

Thus k£ can be computed (or defined) by

The G-B formula can be expressed in the form



5. A higher dimensional version of the
Gauss-Bonnet theorem

Let M denote a compact oriented manifold of
even dimension n. Let E be a real oriented
Riemannian vector bundle of rank n over M.

Definition. A connection on E is a map: Y &
T-M,X € N(E) — VyX € E,; satisfying the
product rule: for f € C*°(M) and X € I (F),

Vy(fX)=Y(f) X+ fVyX.
We assume that V is metric: i.e. for all X and
Y e M(F),

d< X,Y >=< VX, Y >+ < X, VY >.

Let e = {eq,...,en}t denote an orthonormal
frame of E, defined over a neighborhood U in
M. Define a nxn matrix of connection 1-forms
w = [w;;] on M by the relations

Ve, =) wije; (Ve = we)
J



and a corresponding n X n matrix of curvature
2-forms <2 by

Q = dw — w?

The metric property implies that both w and
€2 are skew-symmetric.

Suppose now that e and f are two orthonor-
mal frames of E defined over neighborhoods
Uand V of M (UNV # ¢). Then there ex-
ists an orthogonal matrix-valued function A on
U NV such that f = Ae. with respective con-
nection 1-forms and curvature 2-forms we, £2¢
and we,Qf. The following relation holds:

Qp=AQ.A™L.

Thus unlike the 2-dimensional case €2 is frame-
dependent, however it is a tensor.



The Pfaffian: There exists a map Pf : so(n) —
R such that Pf(A) is a homogeneous poly-
nomial of degree n/2 in the entries of A and

Pf(A) = /Det(A). Furthermore,
Pf(ATA™Y) = Pf(T)

for orthogonal A and skew-symmetric 7.

Now the set of even-degree differential forms
IS a commutative ring with A as multiplica-
tion. We define Pf(2¢) where, as before, Q¢
IS the curvature matrix corresponding to an or-
thonormal frame e of E defined over a neigh-
borhood U of M.

Note that if Pf(€2¢) is another such expres-
sion defined over V then on U NV we have
Pf(Qe) = Pf(£27). Thus Pf(S2) extends to a
globally defined n-form on M. We denote this
by Pf(2).



The Euler characteristic x of £ can be defined
in the following way. Let X : M — E denote a
section of E and let Ey denote the O-section

{0 € Egz,x € M}.

Then generically, X(M) N Ey will consist of a
finite number of points and this number does
not depend on X.

The number of points in the intersection is a
topological invariant and is defined to be the
Euler characteristic y of E. It can be shown
that when E = T'M then this definition co-
incides with the definition of EC defined by
triangulation of M

x= > (-1Fny
k=0

where A; is the number of k-simplices in the
triangulation.



We have the following generalization of the

G-B formula to this higher-dimensional vector
bundle setting

T heorem

=(52)" [, pre,

In the case where M is orientable, £ = T'M
and V is the Levi-Civita connection, this result

reduces to the Gauss-Bonnet-Chern theorem
(Chern, 1944).



