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Abstract

A non-empty set of vertices is called an even dominating set if each
vertex in the graph is adjacent to an even number of vertices in the
set (adjacency is reflexive). An odd dominating set is defined analo-
gously. Results on parity dominating sets in grid graphs are surveyed
and related results on “Lights Out!” games on grids and graphs are
discussed.

1 Introduction

Domination is one of the most widely studied topics in graph theory: the
1998 book by Haynes et al. [17] contains a bibliography with over 1200
papers on the subject. In this survey, we shall be concerned with even
dominating sets. An even dominating set of a graph is a non-empty subset,
D, of the vertices such that each vertex has an even number of neighbors
in D, where the “neighbor” relation is reflexive, i.e., a vertex is considered
its own neighbor. Likewise, an odd dominating set is a subset, O, of the
vertices such that each vertex has an odd number of neighbors in O. Parity
domination has been previously studied in [1, 2, 3, 4, 6, 7, 10, 11, 12, 13, 14,
16, 17, 18]. The initial result on this subject was Sutner’s theorem, which
states that every graph contains an odd dominating set [18]. However, not
every graph contains an even dominating set: consider the path on three
vertices, for example. Therefore we are interested in characterizing graphs
that have even dominating sets.

In [13], Fibonacci polynomials over the binary field GF(2) were used
to obtain an algebraic condition for determining which m x n grid graphs



have even dominating sets: the m x n grid graph has an even dominating
set if and only if the (n + 1) Fibonacci polynomial evaluated at z + 1 and
the (m + 1)% Fibonacci polynomial evaluated at x are not relatively prime
over GF'(2). This is perhaps the fundamental result on even dominating
sets in grid graphs. Definitions and relevant results related to the Fibonacci
polynomials are reviewed in section 2 of this paper. Section 3 is devoted to
a survey of structural and algorithmic results on parity domination in grid
graphs. Open questions and future directions are stated in section 4.

2 Background

2.1 Nullspace Matrices

Unless otherwise stated, in this paper all polynomials are over the binary
field GF(2). When no confusion results, we denote the all-zero n-vector
simply by 0. A non-zero m x n (0, 1)-matrix A is called a nullspace matriz
if entry (7,7) of A has an even number of 1’s in the set of entries consisting
of (i,7) and its rectilinear neighbors — this terminology is justified by (9) of
Theorem 1, below. It is easy to see that the set of 1’s in an m x n nullspace
matrix corresponds to an even dominating set in an m x n grid graph. See
Table 1 for an example of a nullspace matrix.
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Table 1: A 4 x 4 Nullspace Matrix

If we choose a non-zero vector w € F™ where F" is the binary n — tuple
space and let w be the first row of a matrix A, for each ¢ > 1 there is a
unique way to choose the i*" row to make the number of 1’s in the closed
neighborhood of each entry in the (i — 1) row even. If r; is the i row, the
unique way of doing this is given by

r; = Bri_1+1r;_9 122, ro=0, m=w (1)

where B = [b;;] is the n x n tridiagonal (0, 1)-matrix with b;; = 1 if and only
if |i —j| <1 (and the 7}s in (1) are written as column vectors). In other
words we can compute the entries, such as in Table 1, as



rilf] = ricaljl + ricald — 1+ ricalj + 1] + ri2[j] mod 2 (2)

where undefined entries are taken to be zero.
If ;1 = 0 for some positive integer m, then 1,79, ..., 7y, are the rows
of an m x n nullspace matrix. In [12, 13] it was shown that for each n and
for each w € F"™ there exists an m such that r,.1 = 0. This result and

many others, were obtained by using the sequence of Fibonacci polynomials
over GF'(2) which are defined by

fi=xfici+fice 122 fo=0 fi=1 (3)

If we F" and {ro,r1,72,...} is the sequence of vectors generated by

equation (1), let L(w) be the smallest positive integer ¢ such that r; = 0 and

let L, = max{L(w)|lw € F™}. Denote the vector (1,0,0,...,0) by e;. The
following results were proved in [12, 13].

Theorem 1 Let n be a positive integer and w € F™.

(1) The sequence {ro,71,72,...} is periodic with period length at most 22",

(2) L(w) exists for each w € F™ (and L(w) < 22").

(8) If r1 = w and r; = v for some positive integer i, then L(v) divides L(w).
(4) Lo = L{er).

(5) L(w)|L,, for each w € F™.

(6) r; = fi(B)w fori=0,1,2,... where f; is the i Fibonacci polynomial
over GF(2) and B is the order n tridiagonal (0,1)-matriz with bj; = 1 if
and only if |i — j| < 1.

(7) Ly is equal to the smallest positive integer t such that fy(B) = 0. So
Ly, is also the smallest integer t such that for every w € F™ there exists a
(t — 1) x n nullspace matriz with first row w.

(8) Ly, is equal to the smallest positive integert such that fpi1(x+1) divides
fe(z).

(9) The set of all vectors w which can be the first row of an m X n nullspace
matriz is equal to the nullspace Nyt1 of fms1(B). If dpmy1(x) is the greatest
common divisor of fny1(x+1) and fiy1(x), then the nullspace of dy,+1(B)
s equal to N1 and has dimension equal to the degree of dp11.

(10) The m x n grid graph has no even dominating set if and only if the
greatest common dwisor of fny1(x +1) and fmi1(z) is 1.

Experimental evidence! for small values of n suggested that the bound

LA large list of Fibonacci polynomials in factored form and related information can be
viewed at the author’s web site.



on the period length given in (1) of Theorem 1 could be tightened. If
70,71,72, ... 1S the sequence produced by equation (1) and if & = L, (so
ri, = 0), it is easy to show that 744, = ry—; for all j € {1,2,...,k}. So the
period length is equal to L, or to twice L,. In [13], it was conjectured that
L, <3x2z, forn # 5, and the conjecture was verified in the special case
where f,4+1(x) is the square of an irreducible polynomial. This conjecture
was proved in [15]:

Theorem 2 Ifn #5 then L, < 3-2%.

A key to proving Theorem 2 is an analysis of the Fibonacci index of a
polynomial. If p(x) is an irreducible polynomial, we say that the Fibonacci
index of p(x) is t if ¢ is the smallest positive integer such that p(z) divides
fi(z). Fibonacci indices also play a crucial role in determining which grids
have even dominating sets.

2.2 Fibonacci Polynomials

The recurrence relation defined in equation (3) can also be used to generate
the sequence of Fibonacci polynomials over the real numbers: {go = 0,91 =
1,920 = 2,93 = 22+ 1,94 = 23 + 2x,...}. Letting x = 1 gives the Fibonacci
numbers, while reducing the coefficients of the polynomials mod 2 gives the
sequence { fo, f1, f2, ...} of Fibonacci polynomials over GF'(2). Some of the
divisibility properties of the Fibonacci numbers {hg, h1, ha,...} are known
to have analogues in the sequence {go, g1, g2, ...} of Fibonacci polynomials
over the reals. For example h;|h; if and only if i|j and g;|g; if and only if
ilj. If hy is prime, then n is prime; if g, is irreducible, then n is prime.
The converse is false for the Fibonacci numbers (h1g = 4181 = 13 - 37) but
true for the Fibonacci polynomials over the reals [19]. Other results on the
divisibility properties of the Fibonacci polynomials may be found in [5, 19].

Most of the results in [13] were obtained using the following properties
of the Fibonacci polynomials over GF'(2) (Lemma 4 of [13]).

Lemma 3 Let fy, f1, fo... be the sequence of Fibonacci polynomials over
GF(2). Then

(a) fi is an odd function for i even and an even function not divisible by x
for i odd.

(b) fn—t+fn+t:$fnft fOTOStSn-

(C) anfog n > 0.

(d) fons1=fE+ fi, n>0.



(e) fmn(x> = fm(x)fn(xfm<x)) form,n >0.
(f) f2mn—p:$fmnfmn—p+fp for 0 < p < mn.
(9) fomntp = T frmnfrmntp + fp-

(h) fi|fr, over GF(2), if and only t|r.

(i) If 2%|n then x| fn ().

2.3 Factorization of Fibonacci Polynomials over GF(2)

A fundamental lemma from [15] is now stated and proved, showing how
Lemma 3 can be applied.

Lemma 4 [15] Let k be a positive integer. Then for (x) - for_1(x) is
equal to the square of the product of all irreducible polynomials with degrees
dividing k, except x.

Proof: Repeated application of (c) of Lemma 3 shows that fom(z) = 22" !

for every positive integer m. We let n = 28 41 and ¢t = 2¥ — 1 in (b) of
Lemma 3 to get

2 for_1(2) - foryr(2) = forrr + fo =22 Uz = 2@ 4 1)?

But it is well-known that 22"~! + 1 is equal to the product of all irre-
ducible polynomials with degrees dividing k, except . O

It is shown in [15] that if f,,(x) is the square of an irreducible polynomial,
then n is prime. The converse is not true, as with the Fibonacci numbers
and unlike the Fibonacci polynomials over the reals [19]. For example,
fir=@*+ox+ 1)@+ 22+ 22+ 2+ 1)% and fi3 = (27 + 25 + 25 + 2t +
P24+ +1)2@" + 2+t + 3+ 22+ o+ 1)@+ +1)%

A fundamental factorization result was proved in [15]. It provides a
criterion for determining the values of ¢ for which f;(z) is irreducible.

Theorem 5 [15] Let n be an odd integer greater than 1 and let d be the
smallest positive integer such that 2% is congruent to +£1 mod n. Then every
wrreducible polynomial that has Fibonacci index equal to n has degree d. The
number of such irreducible polynomials is %, where ¢(n) is the number of
positive integers less than n that are relatively prime to n. Furthermore, the

degree of every irreducible factor of fn(x) divides d.

This result is then used by Goldwasser et al. to prove further results on
the factorization of Fibonacci polynomials; we refer the reader to [15].



3 Results

Consider an m x n rectangular grid of vertices, each of which can be in
the off or on state. We have an activation operation that, when applied
to vertex v, changes the state of each vertex in v’s closed neighborhood).
We say the pair (m,n) is completely solvable if every initial configuration of
on/off states of the m x n grid can be transformed to the all-off state by a
sequence of activations. The electronic game “Lights Out!” is an example of
this using a 5 x 5 grid. As stated in the introduction, if G is a graph, we say
that a non-empty subset D of the vertices of D is an even (odd) dominating
set if each vertex of G has an even (odd) number of vertices of D in its
closed neighborhood. It can be shown that (m,n) is completely solvable if
and only if the m x n grid graph has no even dominating set [12, 13, 14];
equivalently if there is no m x n nullspace matrix [1, 2, 4, 6, 12, 13, 14].

3.1 Square Nullspace Matrices

We say two polynomials p;(z) and pa(z) are conjugates if p1(x + 1) = pa(z)
(so also pa(x+1) = p1(x)), and that p(x) is self-conjugate if p(z+1) = p(x).
Recall from Theorem 1(10) that there exists an n x n nullspace matrix if
and only if f,11(z) and f,+1(x + 1) are not relatively prime.

For example, there exists a 16 x 16 nullspace matrix because fi7(z) has
the self-conjugate irreducible factor 2% + x + 1 and there exists a 32 x 32
nullspace matrix because f33(x) has the conjugate pair of irreducible factors
P+at+d+r+land s’ + 23+ 2%+ o+ 1

Theorem 6 [15] If n = 2% or if n = 2 — 2, where k is an integer greater
than three, then there exists an n X n nullspace matrizx.

It was also shown in [15] that fo =0, fi = 1 and f5 = (2% + 2 + 1)? are
the only self-conjugate Fibonacci polynomials. Among other things, this
implies that, except in the case of 4 x 4 grids, more than 2% of the initial
configurations of the an n X n grid can be transformed to the all-off state

by a sequence of activations, by a result of [13].

3.2 Algorithmic Problems

The algorithm to determine if (m, n) is completely solvable is now presented.
Assume without loss of generality that n > m.



input m and n

compute the polynomial f,1(z+ 1)

compute the polynomial fy,+1(z)

if GCD(fny1(x+1), frny1(z)) =1 then
output ¢ ‘completely solvable’’
else output ‘‘not completely solvable’’

S ow N

Algorithm 1. Determines if m x n grid is completely solvable.
The running time of Algorithm 1 is O(nlog?n) [13].

Let G = (V, E) be a simple graph with |V| = n. We formulate a decision
problem as follows. “Using a sequence of activation operations, can G (with
some initial on/off configuration) be transformed to a graph with at least k
switches in the off state.” Certain restricted cases are solvable in polynomial
time, for example, when G is a series-parallel graph,or when k = n [1, 2, 3].
We call this the Maximizing Off Switches (MOS) problem.

Theorem 7 [14] Mazimizing Off Switches is N P-complete.

A trivial approximation algorithm exists with performance ratio two for

MOS [14].

Corollary 8 [14] There exists a fized € > 0 such that no polynomial time
algorithm for Maximizing Off Switches can have a performance ratio of less
than 1+ € unless P = NP.

Using techniques from coding theory, it was shown in [14] that for a
constant ¢, we can determine in polynomial time whether every starting
configuration of a graph can be reduced to one with at most ¢ on vertices
by a series of activations.

Turning our attention back to grid graphs, Goldwasser and Klostermeyer
showed the following.

Fact 9 [14] In an n x m grid graph, m < n, at least mn — [73] vertices can
be turned off using the activate operation.

Theorem 10 [13] For each positive integer t and each real number €, there
exist positive integers m and n with t < m < n such that some starting
configuration of an n X m grid cannot be changed to a configuration with
fewer than (1 — €) 2t switches on.



4 Future Directions

Some open problems and future directions are now stated. The first problem
is key to understanding the complete solvability of grid graphs.

Problem 1 Let p(z) be factor of one of {fory1(x), for_1(x)}, say it is a
factor of for1(x). Can one characterize when is p(x+1) a factor of for ()
and when is it a factor of for_q(x)?

A more concrete question about grid graphs is the following.

Question 2 If G(n) is the fraction of the integers t € {1,2,...,n} such
that there exists a t X t nullspace matriz, what is lim, ., G(n)?

It is reported in [15] that G/(10,000) = 0.423.

Conjecture 3 Let f,+1 be a Fibonacci polynomial over GF(2) which is
equal to the square of an irreducible polynomial and let m be the smallest
positive integer such that fu,11(B)er = 0. Then all initial configurations
of the m x n grid graph can be made to have at most two vertices on by a
sequence of activations.

The main algorithmic question that remains is the following.

Problem 4 Devise a polynomial time approximation algorithm for MOS

with performance ratio less than 2 — | =], where c is a constant.

Since every graph has at least one odd dominating set, Caro et al. con-
sidered the sizes of these odd dominating sets for certain classes of graphs
[7, 8]. The sizes of the smallest odd dominating sets for square grids with
at most 25 rows is given in [8]. Further study seems warranted for grids and
other classes of graphs.

A particularly intruiging question posed by Caro is now stated, which
has been verified in the special case of trees [9]. Let G be a graph and
k > 1 be an integer. A set of vertices D in G is called non-zero (mod
k) dominating set of G if for every vertex v € V(G) the following holds:
Nlv]N D # 0(mod k). N[v| is the closed neighborhood of v in G. Sutner’s
theorem states that that every graph G has a non-zero (mod 2) dominating
set [18] (and hence a non-zero (mod k) dominating set for k even).



Question 5 Is it true that every graph G has a non-zero (mod k) dominat-
ing set for every integer k > 17 What about the special case when k = 3¢

Brendan Mckay verified by computer for & = 3 that this is true for all
graphs with up to eleven vertices and for several other special families of
graphs with as many as twenty vertices.
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