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Abstract. The main result of the papzer is that any planar graph with odd girth at least

10k — 7 has a homomorphism to the Kneser graph G,%k“, i.e. each vertex can be colored
with k colors from the set {1,2,...,2k+ 1} so that adjacent vertices have no colors in

common. Thus, for example, if the odd girth of a planar graph is at least 13, then the graph
has a homomorphism to G5, also known as the Petersen graph. Other similar results for
planar graphs are also obtained with better bounds and additional restrictions.

1. Introduction

Let G = (V, E) be a simple, undirected graph. The odd girth of a graph is the length
of its shortest odd circuit. An (n, k)-coloring of G is a mapping ¢ : V(G) — 24(Z,)
where #;(Z,) is the collection of all k-subsets of Z, = {0,1,...,n — 1} such that
c(u) Ne(v) = Qifuv € E(G). The concept of (n, k)-coloring is a generalization of the
conventional vertex coloring problem, in which case k= 1. For example,
Fulkerson’s Conjecture [4], one of the well-known conjectures in graph theory, is the
edge version of the (6, 2)-coloring problem for bridgeless cubic graphs.

The main results of the paper are about (2k + 1, k)-colorings of planar graphs
with large odd girth. It was proved by Stahl that that the chromatic number of an
(n, k)-colorable graph is at most n — 2(k — 1) [12]. Thus (2k + 1, k)-coloring is in a
sense “‘stronger” than 3-coloring — it is well-known that C, (the circuit on r vertices)
cannot be (2k + 1, k)-colored when r is odd and r < 2k + 1, since the odd girth of
G,%k“ is 2k + 1 [11], [12]. It is known from Grétzsch’s Theorem [5] (see also [6], [1],
[14]) that every planar graph with odd girth at least five is 3-colorable. Of course,
every bipartite graph (i.e., a graph with odd girth oco) is 2-colorable. The property of
(2k + 1, k)-colorability is naturally expected for planar graphs with sufficiently large
odd girth since

2-colorability z (2k + 1, k)-colorability 23-colorability.
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However, our results cannot be generalized to arbitrary graphs without the
restriction of the planarity: non-planar graphs with high girth and high chromatic
number were constructed by Erdds [3] (see also [15], page 408).

An (n,k)-coloring of a graph can also be viewed as a homomorphism of a
graph to a Kneser graph. The Kneser graph, denoted by Gy, is defined to be the
graph in which vertices represent subsets of cardinality k& taken from
Z,=1{0,...,n— 1} and two vertices are adjacent if the intersection of their labels
is empty, see for example [13]. Lovasz proved the chromatic number of the Kneser
graph G/ is precisely n — 2(k — 1) [11]. Note that G5 is the famous Petersen graph.
A graph homomorphism, ¢, is a mapping from G to H such that if uv € E(G) then
¢(u)p(v) € E(H). The property of (2k+ 1,k)-colorability of a graph G is
equivalent to the property that G has a graph homomorphism into the Kneser
graph G,%HI. Graph homomorphism is a subject that has been extensively studied
(see survey articles: [7], [16]).

The following is one of the main results of the paper.

Theorem 1.1. Let G be a planar graph with odd girth at least 10k — 7 (k > 2). Then
G is (2k + 1,k)-colorable, or equivalently, G has a homomorphism to the Kneser
graph GI**1.

Note that the case of £ = 1 is simply the 3-coloring problem and the theorem is
false in this case. Thus, we only consider the case k£ > 2 in this paper.

2. Reducible Configurations

We begin with two definitions.

Definition 2.1. Let H be a graph and S C V(H). A coloring (called a precoloring)
c: S V(GH) of S is extendible to the entire graph H if there is a (2k + 1,k)-
coloring ¢ : V(H)w— V(G of H such that c(v) = c'(v) for each v € S. The
ordered pair (H,S) is a reducible configuration with respect to (2k + 1,k)-coloring
if every precoloring of S is extendible to the entire graph H.

The strategy and an outline of the proof of our main result are as follows. We
produce a list of reducible configurations with respect to (2k + 1,k)-coloring.
That is, we show that a smallest counterexample to our main result cannot
contain any of those reducible configurations. Then a calculation of Euler con-
tributions of an alleged counterexample leads to a contradiction to the fact that
the graph is planar.

2.1. Lemmas

Before producing a list of reducible configurations, we present a few observations
regarding extending a (2k + 1, k)-coloring from one end of an induced path to the
another end of the path. These lemmas will be applied in generating the list of
reducible configurations.

For a (2k + 1, k)-coloring, each color is a k-subset of the set {1,2,...,2k + 1},
and is also considered to be a vertex in the Kneser graph G,Z{k“. For a vertex v of a
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graph G, N(v) denotes the set of neighbors of v in G, while for a color a
(e V(G,%“l)), N(a) denotes the set of neighbors of @ in the graph G,%k“.

Results of [12] and [11] imply the odd girth of G,%k“ is 2k + 1, hence we cannot
precolor both endpoints of a path of length 2k — 1 with the same color and then
extend that to a proper coloring of the path.

Definition 2.2. Let Q = vy ... v, be a path. Let ¢ be a precoloring at the vertex vy. A
color b (€ V(G,%k+l)) is called a legal color at v, extended from c(vy) if the coloring ¢
at vy can be extended to entire Q such that c(v;) = b. The set of all legal colors at v,
extended from a precoloring ¢ at vy is denoted by L(v;,v9, Q).

Later, we shall use the term “extended’” to also refer to the situation when a set
of vertices is precolored and it is possible to properly color the (sub)graph from
that precoloring.

Lemma 2.3. Let P=vg...v; be a path and let vy be precolored with the color a
(e V(G,%k“)). Then the precoloring at vy can be extended to the entire path P with
the set of legal colors at the last vertex v, as follows:

N(a if t=1
V(G N i =2k 2

L(Ut71707p) = VEG%k+l§§{a(;) Zj t=2k—1 (1)
V(GHT if t>2k.

In general,
_J{b:lanb|>k—pu} if t=2pu
L(Ut’vo’P)_{{b:|aﬂb|§/J} lf t:2,u+l. (2)

Proof. Since (1) consists of only a few of special cases of (2), we prove only (2) by
induction on ¢. The lemma is true for + = 1. Assume that the lemma is true for ¢.

Case 1. When ¢+1=2u+1 is odd. Let b€ V(G¥*'!). For the (2k + 1,k)-
coloring, b is a legal color at v, if and only if there is a legal color 4 at the vertex
v, with |b N &'| = 0. By the inductive hypothesis, &' is a legal color at v, if and only
if |b' Na| > k — . Therefore, b is a legal color at v,y if and only if [pNa| < u.

Case 2. When t 4+ 1 = 2u is even. Similar to Case 1. O

Let us refine Definition 2.2 and restate Lemma 2.3 in terms that will be more
useful.

Definition 2.4. Let H be a graph and S C V(H). For a vertex v € V(H)\S, let
L(v,S,H) be the least number of legal colors that v can receive under any possible
(2k + 1,k)-precoloring of S.

Obviously, if H is a path vy ---v; and S = {v}, then £(v;, S, H) = |L(v;, v, H)|
where L(v;, v9, H) is defined in Definition 2.2 and was used only for color exten-
sion of paths.

The following lemma is a corollary of Lemma 2.3.
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Lemma 2.5. Let P=vy...v;. Then

k+1 if =1
2"k“>(k+1) if t=2k—2
£(vr,v0,P) = 2";1 —1 if t=2k—1
(2":1> if > 2k

The next simple observation will also be applied in the construction of some
reducible configurations.

Lemma 2.6. Let a,b € V(G¥**') and a # b. Then
IN(a) AN(b)| <1

with equality only if |a U b| = k + 1. (Note that a,b are considered as k-subsets of a
(2k + 1)-set.)

The following lemmas will be applied in the next subsection regarding re-
ducible configurations. To remind the reader, we assume that £ > 2 throughout
the paper.

Lemma 2.7. Letk > 2 and P = vy ... v, be a path and ¢ be a precoloring of {vg, v;}.

1. If t > 2k, then c is extendible to P and
(v, {vo, v}, P) Z k =2 2;
2.If t =2k — 1 and c(vy) # c(vak—1), then c is extendible to P and

L(v1,{vo, vak—1},P) > k > 2;

Proof. The extendibility of ¢ is an obvious corollary of Lemma 2.3 for both cases.
Now we need to prove only the remainder of the lemma.

Notation. A subpath of a path P = vy ... v, between the vertices v; and v; (i < j) is
denoted by Pv;...v)].

By Lemma 2.3
L(v1, {vo}, Plvov1]) = N(c(vo))

and
V(G )W\{c(v)}  ift>2k

L(or, {vi}, Plor -~ ve]) 2 { V(G,Z{kﬂ)\N(C(vt)) ifr=2k—1
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Note that

L(vy,{vo, v}, P) = L(v1, {vo}, Plvov1]) N L(vy, {ve}, Plor - - - v]).

Since

N(c(vo))\{e(v)}  if 1> 2k
L(or, {vo, v}, P) 2 {N(c(zg))\N(cv(v[)) ifr=2k—1

and |N(c(v))| = k+ 1, by Lemma 2.6,

k>2 ift>2%k
e(vlv{UO;Ut}aP)Z {kZZ ift=2% —1and C(UQ)#C(U:) [

2.2. Reducible Configurations

We now list some reducible configurations with respect to (2k + 1, k)-coloring.
Some examples are shown below.
Let 7 (k) = {T, T%,---} be a family of graphs constructed as follows.

e TFis a path P, = vjvl - vl;;
I

. The graph TF (for i>2) is the union of paths P, =uvlvl---vl,, and
P, = vhvl - v‘z‘k , 047", for each u e {2,...,i}. Denote the set of degree one
vertices of Tk by S(Tk) That is, S(TF) = {UO,UZk,UO,DO, coOht

Lemma 2.8. Let i and k be a pair of positive integers. (1). Each ordered pair
(T, S(TF)) is a reducible configuration with respect to (2k + 1,k)-coloring. That is,
any precoloring of S(TF) can be extended to the entire graph Tl" 2).

U0y, (T, T) > k> 2.

Proof. Induction on i. The lemma is true for i = 1 (by Lemma 2.7 (1)). Assume
that the lemma is true for i. Note that

Tk

k
i+l Tt UP

and

S(Tiyy) = S(Tf) U {w}-

'Y ] PP [ — ®
’Ul ’U1 v
Vo 2%k—2 2k—1 2k

Fig. 1. An example of T¥: TF
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Fig. 2. An example of T T¥
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Fig. 4. An example of T%: Tf
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By inductive hypothesis, we can extend the precoloring ¢ to TF and
00, S(TF), TF) 2 k> 2.

We choose a coloring of 7} such that ¢(v}) # c(vj™). Thus, by Lemma 2.7 (2), the
coloring c is further extendible to 7%, and

£<vﬁ+l7s(7;lfkl)a T;I:rl> Z k Z 2. |:|

Let Z(k) = {R%, R, ...} be a family of graphs constructed as follows (an example
is shown in Figure 5). For each TF € 7 (k) (i > 2), add a path Q= v}, uju»
~~~u2k,zv"1 where u),...,uy_» are new vertices. Denote the set of degree one
vertices of R¥ by S(R¥). That is, S(RY) = {v};, v}, v3,...,v}}.

Lemma 2.9. Each ordered pair (R*,S(RY)) is a reducible configuration with respect
to (2k + 1,k)-coloring. That is, any precoloring of S(R¥) can be extended to the
entire graph R¥.

Proof. By Lemma 2.8, a precoloring ¢ of S(R¥) = S(TF) can be extended to TF
and

(0} S(TH). T} > k> 2.

We may choose an extension of ¢ in 7} such that

C(Uli) # C(Uék—l)'

Fig. 5. An example of Rf: R
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By Lemma 2.7 (2), the coloring ¢ at {v},v}, |} can be further extended to the
entire path O = v}, ujus---uy_ov|. That is, any precoloring of S(R¥) can be
extended to the entire graph Rf. O

3. Euler Contributions

Let G be a planar graph (without loops or bridges) embedded in the plane with the
vertex set V' (G), the edge set E(G), and the face set F(G).

Let the degree of a vertex v be d(v) and the degree of the face f (i.e., the length
of the boundary of f) be d( /). For a vertex v of graph G, the set of all edges of G
incident with v is denoted by E(v).

Definition 3.1. At a vertex v € V(G), let {ey,..., ey} = E(v) where e; e
(mod d(v)) are on the boundary of a face. An angle o (at v) of G is a pair of edges
{ei,eir1}.

Denote the set of all angles of G by A(G). For an angle o € A(G) at a vertex v
and at a corner of a face f, denote the vertex v by v, and the face f by f,. Note
that there are d(v) angles at a vertex v and there are d( /) angles at the corners of a
face /" and each edge appears in four angles and each angle consists of two edges.
It is obvious that

@ =3 ﬁ

aeA(G)

By Euler’s formula,
IF(G)] + [V (G)| = [E(G)| + 2,
we have the following Lebesgue’s formula
1 1 1)
o ls=+m-5) =2 (3)
xGA(G) (d(va> d( “) 2

For each angle o, the general term of equation (3)

is called the Euler contribution of the angle a.
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Let f be a face of G. When one sums the Euler contributions of all angles at all
corners of a face f, one obtains the Fuler contribution of the face f

o =1-P ¥ (5

where the sum is over all the vertices on the boundary of f.
For a vertex v, when one sums the Euler contributions of all angles at v, one
obtains the Fuler contribution of the vertex v

@(v)zl—@—kZﬁ (6)

where the sum is over all the faces having v on their boundaries.

For an edge e = v v, let f1, f> be two faces incident with e. Note that e appears
in four angles and each angle consists of two edges. When one sums a half of the
Euler contributions of all angles containing e, one obtains the Euler contribution
of the edge e

1 1 1 1
) =Gty Fawy Tagm g " 7

According to Lebesgue’s formula (3), we have the total Euler contributions of
angles, vertices, faces and edges as

Yo=Y o)=Y W)=Y O)=2. (8)

aeA(G) veV (G) f€F(G) ecE(G)

Since the total Euler contributions of a planar graph is two, we have the
following lemma.

Lemma 3.2 (Lebesgue [10]). Let G be a planar graph without loops and bridges.
There must be an angle, a vertex, a face and an edge such that each of their Euler
contributions is positive.

4. Eliminating Even Circuits and Long Odd Circuits

A facial circuit of a planar graph is a circuit formed by edges of the boundary of a
face.

The following lemma was proved in [8], which will enable us to eliminate even
circuits and long odd circuits in the proofs of the main results.

Lemma 4.1. Let g be an odd integer and G be a planar graph with odd girth at least
g. If C=vy...v,_1v0 is a facial circuit of G with r # g, then there is an integer
i €40,...,r— 1} such that the graph G' obtained from G by identifying v;_; and
vir1 (mod r) remains planar and of odd girth at least g.
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5. n-Tuple Coloring of Planar Graphs — Part 1.

We can now prove the main result of the paper.

Theorem 1.1. Let G be a planar graph with odd girth at least 10k — 7, where k > 2.
Then G is (2k + 1,k)-colorable.

Proof. Let G be a counterexample to the theorem with the least number of ver-
tices.

For vertex-cut § C V(G), let N; and N, be the two parts of G\S. Let H; be the
subgraph of G induced by the vertex set V(N;) U S for each i = 1, 2. Note that H,
is a proper subgraph of G, therefore, H, is (2k 4 1, k)-colorable. By Lemmas 2.8
and 2.9, the ordered pair (H;,S) cannot be any configuration listed in those
lemmas, for otherwise, any coloring of H, can be extended to H; since
V(H]) N V(Hz) =S.

Then G does not contain any reducible configuration listed in Section 2.2.

I. By Lemma 4.1, we have that every facial circuit of G is of equal length 10k — 7.

By Lemma 2.8 (1) (for i = 1), no induced path of G is of length > 2k. Thus,
each facial circuit of G contains at least three degree > 3 vertices since £ > 2 and
each facial circuit is of length precisely 10k — 7.

I1. Let G be the underlying graph of G. That is, G is obtained from G by replacing
each maximal induced path with an edge. Since k& >2, we have that
[M%=T] > 2k + 1. Since G does not contain any of the reducible configurations
listed in Section 2.2, in particular an induced path on 2k + 1 vertices, we also have
that any facial circuit of G has at least three vertices, each of degree at least three.
Hence G is in fact a simple graph.

By Lemma 3.2, let C be a facial circuit of G with a positive Euler contribution.
Note that the Euler contribution of a facial circuit of length at least six is at most
zero, since the minimum degree 5(@) > 3. Hence, C is of length at most five. Let C
be the circuit of G corresponding to C in the underlying graph G.

ITI. Let {xi,...,x;} be the set of all vertices of C with degree at least 3 in G. Let
O; = x;...x;+1 be the segment (a maximal induced path) of C between two degree
> 3 vertices (i = 1,...,h, mod(h)). (See Figure 6.)

IV. We claim that each segment Q; is of length at most 2k — 1. Since a segment Q;
of length > 2k is le € 7 (k), by Lemma 2.8, it would be a reducible configuration.

V. We claim that C has precisely five segments. That is, C has precisely five degree
> 3 vertices {xj,...,xs}. Since k > 2, we have that

|E(C)| = 10k — 7 > 8k — 3.

If 4 < 4, then at least one segment of C is of length at least 2k. This contradicts IV.
Since |E(C)| = 10k — 7 and C has five segments each of which is of length at
most 2k — 1, the number of segments of length 2k — 1 in C is either three or four.
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T4

@1

Fig. 6. The facial circuit C in G and its segments

VI. We claim that if C has two consecutive segments, say, Q; and Q;y1, of length
2k — 1, then the common vertex x;.1 of Q; and Q;, must be of degree at least four.
For otherwise, we have a reducible configuration 7§ € 7 (k) (by Lemma 2.8) with

= G[O: U Qi1 UN(xi41)] and S(T¥) = {xi,Xi42,2i+1} where z;4 is the neighbor
of x;.1 not contained in C.

VII. We claim that C cannot have three consecutive segments of length 2k — 1.
Assume that C has three consecutive segments, say, O;, O,, O3, of length 2k — 1,
then, by VI, we have that d(x2),d(x3) > 4. Thus, the Euler contribution of the
facial circuit C in G is non-positive, contradicting the choice of C.

VIII. C cannot have four segments of length 2k — 1, since otherwise they are all
adjacent to each other around the circuit C and this contradicts VII. By V, the
circuit C has precisely three segments of length 2k — 1, and by VII again, they
cannot be consecutively around the circuit.

IX. By VIII, the facial circuit C has precisely three segments of length 2k — 1:
01,0, and Qs. Since |[E(C)| = 10k — 7, O3 and Qs are of length 2k — 2. (See Figure
6.) Similar to VI, by avoiding the reducible configuration 7% € 7 (k) (by Lemma
2.8), we have that d(x,) > 4. By avoiding the reducible configuration 7% € 7 (k)
(by Lemma 2.8), d(x;) > 4 for either i = 3 or i = 4, and d(x,) > 4 for elther] =5
or j = 1. Again, the Euler contribution of the facial circuit C in G is non-positive
and contradicts the choice of C. O

6. n-Tuple Coloring of Planar Graphs — Part II.

In this section, we restrict the problem to planar graphs of maximum degree three.
However, in this case we cannot utilize Lemma 4.1 as that operation may increase
a vertex’s degree.
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Theorem 6.1. If G is a planar graph with girth at least 10k — 9 (k > 2) and the
maximum degree A(G) < 3, then G can be (2k + 1,k)-colored.

Proof. 1. Let G be a counterexample to the theorem with the least number of
vertices. Similar to the proof Theorem 1.1, we have the following structure for
G:

(i) G does not contain any reducible configuration listed in Section 2.2 (7 (k)
and Z(k)).

(i) By Lemma 3.2, the underlying graph G contains a facial circuit C with a
positive Euler contribution. Let C be the circuit of G corresponding to C in
the underlying graph G.

(iii) The length of C is at most five since G is 3- regular and the Euler contribution
of a facial circuit of length at least six is at most zero.

(iv) Let {x;,...,x,} be the set of all vertices of C with degree 3 in G. Let
O; = x;---xiy1 be the segment (a maximal induced path) of C between two
degree 3 vertices (i = 1,...,h, mod(k)). Note that a segment of length > 2k is
a reducible configuration T} € 7 (k) (by Lemma 2.8). Thus, each segment Q;
is of length at most 2k — 1.

Let z; be the neighbor of x; not contained in C for eachi=1,... A.

I1. We claim that any two segments of length 2k — 1 in C cannot be adjacent to each
other around the facial circuit C. For otherwise, let Q) and O, be two segments of
length 2k — 1. Then we have a reducible configuration 7% € 7 (k) (by Lemma 2.8)
with Tzk = G[Ql U0 UN(XQ)] and S(Tzk) = {xl,Zz,X3}.

IT1. We claim that C has precisely five segments. That is, C has precisely five degree
3 vertices {xp,...,xs}. Assume to the contrary that » < 4. Since £ > 2, we have
that

|E(C)| > 10k — 9 > 8k — 5.

Hence, by I-(iv), at least three segments of C are of length precisely 2k — 1. Two of
them must be adjacent to each other around the circuit C since & < 4. This
contradicts II and therefore, 7 = 5.

IV. We claim that C has either one or two segments of length 2k — 1. By 111, C has
precisely five segments. Since the length of C is at least 10k — 9 and each segment
of C is of length at most 2k — 1 (by II), the number of segments of C with length
2k — 1 is at least one. Furthermore, C cannot have more than two segments of
length 2k — 1, for otherwise, two of them must be adjacent to each other around
the circuit C and this contradicts II.

V. Case 1. C has precisely two (2k — 1)-segments. By 11, without loss of generality,
let them be Q; and Qs. If O, is a segment of length 2k — 2, then we have a
reducible configuration 7¥ € 7 (k) (by Lemma 2.8) with T4 = G[Q; U Q> U Qs
U{z2,23}] and S(T3k) = {x1,22,23,X4}.
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So, O, is of length at most 2k — 3. Then Q4 and Qs are of length precisely
2k — 2 since the length of C is at least 10k — 9 and any pair of segments of length
2k — 1 cannot be adjacent to each other (by II). But, we have a reducible con-
figuration 7} € 7 (k) (by Lemma 2.8) with Tf = G[Q3; U Qs U Qs U Q; U {z4,zs,
z1}] and S(T¥) = {x3,24,25,21,%2}.

VI. Case 2. C has precisely one 2k — 1-segment, say, Q;. Since |V (C)| > 10k — 9,
each of 0s,...,0s is of length precisely 2k — 2. Then, we have a reducible con-
figuration R € #(k) (by Lemma 2.9 with Rt = G[CU {z,25,23,24, z5}] and
S(Rléi) = {21,22723724725}, O

7. Lower Bounds and Future Work

We believe that the bound in Theorem 1.1 can be improved, perhaps to odd girth
seven in the case when £ =2. A lemma is presented before we prove a lower
bound in Proposition 7.2.

Lemma 7.1. Let H be a graph consisting of a circuit vy - Uy 10] and an extra
vertex x and two extra edges vix,xv3. Then, for any (2k + 1,k)- coloring ¢ of H,
c(v) = e(x).
Proof. Lete(v1) = a,c(v2) = b,c(v3) = cand ¢(x) = d € V(G¥™). By Lemma 2.3,
b,d € N(a)NN(c)

since vy vy, vov3, V1X,x03 € E(H). By Lemma 2.3 again, a # ¢ since vsvs - - - Vo410 18
a path of length 2k — 1. Since a # ¢ and b,d € N(a) N N(c), by Lemma 2.6,

IN(@)NN(c)|]=1 and |aUc|=k+1.
That is, b =d. O

Proposition 7.2. There exists a planar graph with odd girth 2k + 1 that cannot be
(2k + 1,k)-colored.

Proof. Let H be the complete graph with four vertices {u,v,w,x}. Let G be the
graph obtained from H by replacing the edge uw with a path P,, of length
2k — 1 and replacing the edge vx with a path P, of length 2k — 1. Note that
Puw N va = (D

Assume that ¢ is a (2k+ 1, k)-coloring of G. By Lemma 7.1, c(u) = c(w)
since u is adjacent to v and x in the (2k + 1)-circuit vwxP,v. But, that c(u) = c(w)
contradicts Lemma 2.3 since u and w are joined by the path P, of length
2k — 1. (]

Whether there exist planar graphs with odd girth 2k + 1 and high girth that
cannot be (2k + 1, k)-colored is an open question. However, there do exist cubic
graphs of girth seven that cannot be (5, 2)-colored [9].
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We also note that it is easy to prove by induction that outerplanar graphs
with odd girth 2k+ 1 can be (2k+ 1,k)-colored, since outerplanar graphs
either have a cut-vertex or a chord on the exterior circuit (in the case the
graph is 2-connected).
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