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ABSTRACT

We consider a Schrodinger-type differential expression Hy = V*V + V| where V is a C°°-
bounded Hermitian connection on a Hermitian vector bundle E of bounded geometry over a
manifold of bounded geometry (M, g) with metric g and positive C*°-bounded measure dy, and
Ve Llloc(End E) is a linear self-adjoint bundle map. We define the maximal operator Hy, max
associated to Hy as an operator in L?(E) given by Hy maxu = Hyu for all uw € Dom(Hy max) =
{ue L*(E):Vue Ll (E), Hyu € L*(E)}, where V*Vu in Hyu = V*Vu + Vu is understood
in distributional sense. We give a sufficient condition for the self-adjointness of Hy max. The
proof adopts Kato’s technique to our setting, but it requires a more general version of Kato’s
inequality for Bochner Laplacian operator as well as a result on the positivity of u € L?(M)
satisfying the equation (Aps 4+ b)u = v, where Ay is the scalar Laplacian on M, b > 0 is a
constant and v > 0 is a positive distribution on M. For local estimates, we use a family of cut-off

functions constructed with the help of regularized distance on manifolds of bounded geometry.

Key words: bounded geometry, manifold, operator, Schrodinger, self-adjoint.



1. INTRODUCTION AND THE MAIN RESULT

1.1. The setting. Let (M, g) be a C* Riemannian manifold without boundary, with metric g,
dim M = n. We will assume that M is connected. We will also assume that (M, ¢g) has bounded
geometry, i.e. we assume that

(i) in& 7inj(z) > 0, where 7ipj(z) denotes the injectivity radius of (M, g) at x € M, and
TEe

(ii) all covariant derivatives VX R of the Riemann curvature tensor R are bounded:
IVER| < Cy,  k=0,1,2,...,

where C}, are constants.

In what follows, we will say that a function f: M — C is C*-bounded if f € C*(M) and
10y f(y)| < Cq for every multiindex a with [a| < k and for any choice of canonical coordinates.
We will say that a function f: M — C is C*-bounded if f € C°°(M) and f is C*-bounded for
every k=0,1,2,....

We will assume that we are given a positive C'*°-bounded measure du on M, i.e. in any local
coordinates z!,2%,... 2" there exists a strictly positive C*°-bounded density p(z) such that
dp = p(x)dxtds? ... dz".

For z,y € M, let d(x,y) denote the distance function on M induced by g. Let us fix a point
xo € M, and denote d(x) = d(x, zo).

Let E be a Hermitian vector bundle over M. We will assume that F is a bundle of bounded
geometry (i.e. it is supplied by an additional structure: trivializations of E on every canonical
coordinate neighborhood U such that the corresponding matrix transition functions hg v on
all intersections U (U’ of such neighborhoods are C*°-bounded, i.e. all derivatives Oy huu(y),
where « is a multiindex, with respect to canonical coordinates are bounded with bounds C,
which do not depend on the chosen pair U, U’).

We denote by L?(E) the Hilbert space of square integrable sections of E with respect to the
scalar product

(u,0) = /M (u(@), (@) &, dp(z). (L1)

Here (-,-)p, denotes the fiberwise inner product.

In what follows, C*°(E) denotes smooth sections of E, and C°(FE) denotes smooth compactly
supported sections of E.

Let

V:C®(E) —» C®(T*M ® E)

be a Hermitian connection on E which is C*°-bounded as a linear differential operator, i.e. in

any canonical coordinate system U (with the chosen trivializations of E|y and (T*M ® E)|y),
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V is written in the form

V=) a®dy,
o<1

where « is a multiindex, and the coefficients aq (y) are matrix functions whose derivatives 85 an(y)
for any multiindex  are bounded by a constant Cg which does not depend on the chosen
canonical neighborhood.

For more on manifolds of bounded geometry, bundles of bounded geometry and C*°-bounded
linear differential operators, see, for example, Appendix 1 of [7].

We will consider a Schrodinger-type differential expression of the form

Hy =V*V+V,

where V is a linear self-adjoint bundle map V € L{ (End E). Here

loc
V*: C¥(T*"M ® E) — C™(E)
is a differential operator which is formally adjoint to V with respect to the scalar product (1.1).

If we take V = d, where d: C>®°(M) — QY (M), then d*d: C®°(M) — C*°(M) is called the
scalar Laplacian and will be denoted by Aj;.

1.2. The maximal operator. We define the maximal operator Hy ax associated to Hy as an
operator in L2(E) given by Hy maxt = Hyu with the domain

Dom(Hy max) = {u € L*(E) : Vu € L .(E), Hyu € L*(E)}. (1.2)

Here V*Vu in Hyu = V*Vu 4+ Vu is understood in distributional sense.
We want to give a sufficient condition for self-adjointness of Hy .. We make the following
assumptions on V.

Assumption A.
(i) Ve L. (EndE).

loc
(ii) For all z € M,
V(z) > —q(d(z)), (1.3)
where ¢: (0,4+00) — R is a positive nondecreasing function of r and ¢(r) = O(r?), as
r — +00. The inequality (1.3) is understood in the sense of operators E, — E;.

We now state the main result.

Theorem 1.3. Assume that (M, g) is a manifold of bounded geometry with positive C*°-bounded
measure du, E is a Hermitian vector bundle of bounded geometry over M, and V is a C*°-
bounded Hermitian connection on E. Suppose that Assumption A holds. Then Hymax 5 a

self-adjoint operator.



Remark 1.4. In [5, Main Theorem| T. Kato proved the self-adjointness of the maximal operator
corresponding to —A + V', where A is the standard Laplacian on R™ with the standard metric
and measure, and V = Vi + V5, where Vi € L] (R™) satisfies (ii) of the Assumption A above,
and V5 belongs to what is now called Kato’s class (in the case n > 5, another option is to require
Vo € LP(R™), where p = 7).

1.5. Sobolev space W12(E). By W12(E) we will denote the completion of the space C°(E)
with respect to the norm || - ||; defined by the scalar product

(u,v)1 = (u,v) + (Vu, Vo) u,v € C°(E).
By W~12(E) we will denote the dual of W12(E).

In what follows we will use the following facts and notations from differential geometry.
Let V! be the connection on T*M ® E induced by V and Levi-Civita connection VZ¢ on
T*M. Then
VH:OC®(T*M @ E) - C®°(T*M @ T*M ® E). (1.4)
Define an operator A: C*°(E) — C*°(FE) as
A:=—(g®1)oVioV.

By proposition 2.1 in Appendix C of [8], we have A = V*V.
Moreover, the following holds: Ay, = —g o V€ o d.

2. PROOF OF THEOREM 1.3 IN THE CASE WHEN ¢=CONST

We adopt the arguments from Lemma 1 in [5] to our setting with the help of more general
version of Kato’s inequality (2.1).
Throughout this section we assume that ¢ is a positive constant.

2.1. Kato’s inequality. We begin with the following variant of Kato’s inequality for Bochner
Laplacian (for the proof see Theorem 5.7 in [2]).

Lemma 2.2. Assume that (M,g) is a Riemannian manifold. Assume that E is a Hermitian
vector bundle over M and ¥V is a Hermitian connection on E. Assume that w € Li (E) and
V*Vw € L. _(E). Then

loc

Aplw] < Re(V*Vw,signw), (2.1)

where

|1qu§§‘ if w(x)#0,

0 otherwise.

signw(x) =

Remark 2.3. The original version of Kato’s inequality was proven in Kato [4].
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2.4. Positivity. In what follows, we will use the following Lemma whose proof is given in
Appendix B of [2].

Lemma 2.5. Assume that (M, g) is a manifold of bounded geometry with a smooth positive

measure du. Assume that
(b+Ap)u = v > 0, ue L*(M),
where b > 0, Ay = d*d is the scalar Laplacian on M, and the inequality v > 0 means that v is

a positive distribution on M, i.e. (v,¢) >0 for any 0 < ¢ € C°(M).
Then u > 0 (almost everywhere or, equivalently, as a distribution).

Remark 2.6. It is not known whether Lemma 2.5 holds if M is an arbitrary complete Riemannian
manifold. For more details about difficulties in the case of arbitrary complete Riemannian
manifolds, see Appendix B of [2].

2.7. Quadratic forms. In what follows, all quadratic forms are considered in the Hilbert space
L*(E).
1. By hg we denote the quadratic form

ho(u) = / Va2 dp (2.2)

with the domain D(hg) = W12(E) C L?(E). Clearly, hg is a non-negative, densely defined and
closed form.
2. By h; we denote the quadratic form

hi(u) = /(Vu,u) du (2.3)
with the domain
D(hi) ={ue L*(E): /((V + q)u, u) dp < 400} (2.4)
The quadratic form h; is semi-bounded below, densely defined and closed (see Example VI.1.15
in [6]).
3. Define the quadratic form
h(u) = ho(u) + hi(u) (2.5)
with the domain
D(h) = D(ho) N D(hy). (2.6)
Since C2°(E) C D(h), it follows that h is densely defined. Since hg is non-negative and closed
and hy is semi-bounded below and closed, it follows by Theorem VI.1.31 from [6] that h = ho+h
is semi-bounded below and closed. In particular, note that for all u € D(h),

h(u) > [|Vul]* = qflul. (2.7)
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From (2.7) we obtain
h(u) 2 [[ullf = (¢ + Dlul®, for all u € D(h), (2.8)

where ||lull1 = (| Vul|? + ||u]?)"/? is the norm in W2(E).

In what follows, h(-,-) will denote the corresponding sesquilinear form obtained from h via
polarization identity.

We will use the following well-known lemma.

Lemma 2.8. Assume that 0 < T € Llloc(End E) is a linear self-adjoint bundle map. Assume
also that u € Q(T), where Q(T) = {u € L*(E): (Tu,u) € L'(M)}.
Then Tu € Li (E).

loc

Proof. By adding a constant we can assume that 7' > 1 (in operator sense).

Assume that u € Q(T"). We choose (in a measurable way) an orthogonal basis in each fiber
E, and diagonalize 1 < T'(z) € End(E;) to get T'(z) = diag(ci(x),c2(x),...,cm(z)), where
0<cje Lloc(M)7 j=1,2,....,m and m = dim E,.

Let uj(xz) (j = 1,2,...,m) be the components of u(x) € E, with respect to the chosen
orthogonal basis of F,. Then for all x € M

m

(Tu, u) ch )uj(x

Since u € Q(T'), we know that 0 < [{ Tu,u> dp < +00. Since ¢; > 0, it follows that c;jlu;|? €
LY(M), forall j =1,2,...,m
Now, forallx € M and j =1,2,--- ,m

2|cjus] = 2|ejl|uj| < lej| + Jejlug)?, (2.9)

The right hand side of (2.9) is clearly in L] (M). Therefore c;u; € LL (M).
But (T'w)(x) has components c¢;(x)u;(z) (j = 1,2,...,m) with respect to chosen bases of E,.
Therefore Tu € L{. .(F), and the lemma is proven. O

Corollary 2.9. Ifu € D(h), then Vu € L (E).

loc

Proof. By adding a constant to V, we may assume that V' > 1 (in the operator sense).
By Lemma 2.8 it follows that Vu € L{ (E), and the corollary is proven. O

2.10. Self-adjoint operator H associated to h. Since h is a densely defined, closed and
semi-bounded below form in L?(E), by Theorem VI.2.1 from [6] there exists a semi-bounded
below self-adjoint operator H in L?(E) such that Dom(H) C D(h) and

h(u,v) = (Hu,v), for all u € Dom(H) and v € D(h).

We will prove that H = Hy max-



Lemma 2.11. Let V be as in Assumption A, where q is a positive constant. Then H C Hy max.

Proof. Let u € Dom(H). By Corollary 2.9, it follows that Vu € L{ _(E). Then for any v €
C(E),

(Hu,v) = h(u,v) = (Vu, Vv) + /(Vu,v} du. (2.10)

The first equality holds by Sect. 2.10, and the second equality holds by the definition of h.
Hence, using integration by parts in the first term on the right hand side of the second equality
in (2.10) (see, for example, Lemma 8.8 from [2]), we get

(u, V*Vv) = /(Hu — Vu,v) du, for all v e CF(E). (2.11)

Since Vu € L (E) and Hu € L*(E), it follows that (Hu — Vu) € L{ (F), and (2.11) implies

loc loc

V*Vu = Hu — Vu (as distributional sections of E). Therefore,
V*Vu+ Vu = Hu.

Since Hu € L%*(E), it follows that u € Dom(Hy max) and Hymaxu = Hu. This proves the
relation H C Hy, max- O

2.12. Proof of Theorem 1.3 in the case ¢ = const. To conclude the proof of Theorem 1.3
when ¢ is a positive constant, it is enough to show that Dom(Hy max) C Dom(H). Suppose
u € Dom(Hy max). Since H is self-adjoint and semibounded below, it follows that for sufficiently
large b > 0, (H +b)~! is a bounded linear operator on L?(E). Set

v =(H+ )" (Hy max + b)u.

Then (H + b)v = (Hymax + b)u. Since H C Hymax, it follows that (Hymax + b)w = 0,
where w = u — v. Therefore, V*Vw + (V + b)w = 0. Since Vw € Li (E), it follows that
V*Vuw € Li. (E). By Lemma 2.2, we obtain

Ap|w| < Re(V*Vw,signw) = (—(V + b)w,signw) < (¢ — b)|w|. (2.12)
Choosing b large enough so that b:i=b— q > 0, we obtain
(Ap +b)|w| <0. (2.13)

By Lemma 2.5 it follows that |w| < 0. So w = 0, and, hence, u = v. Thus v € Dom(H). This
proves Hy max C H. [l



3. PROOF OF THEOREM 1.3

We will adopt the scheme of proof of Main Theorem in [5] to our setting with the help of a
family of cut-off functions on manifolds of bounded geometry given in Sect. 3.3 below.
We begin with an important estimate.

Lemma 3.1. Assume that q is a positive constant. If u € L*(E), Vu € L} _(E) and Hyu €
W=L2(E), then u € D(h) and the following estimate holds:

Jull < V2 (g + )Ml + 272 Hyul ). (31)
where || - ||1 is the norm in WY2(E), || - ||—1 is the norm in W—12(E) and h as in (2.5).

Proof. Let K denote the Hilbert space D(h) in (2.6) with the norm (h(u) 4 z|ul|?)*/2, where 2
is a positive constant such that z > (¢ + 2). Let H be the self-adjoint operator associated with
h. Then we have the following continuous inclusions.

Dom(H) ¢ K ¢ W(E) ¢ L*(E) c W Y(E) c K*, (3.2)

where K* denotes the dual of IC.

By a well-known abstract fact, H: Dom(H) — L?(E) can be extended to a continuous linear
operator H': K — K*. In fact, H' is the restriction of the differential expression Hy to K. This
is clear since w € K implies Vw € Llloc(E) by Corollary 2.9. Moreover, the same calculation as
in (2.11) shows that V*Vw + Vw = H'w.

By an abstract fact (see the Remark after Theorem 2.1 in [3]), H' + z: K — K* is an
isomorphism of Hilbert spaces.

Let u be as in hypothesis of this lemma. Then (z + Hy)u € W~52(E) C K*. Thus we can
find w € K such that

(H' + 2)w = (Hy + 2)u.
Since w € K, we get Vw € Li (FE). Also, H' is the restriction of Hy to K, hence (Hy + z)(w —
u) = 0. Denoting s = w — u, we get Hys = —zs. Note that Vs € LL _(E). Since s € L*(E), we

immediately get s € Dom(Hy, max). Therefore
(Hymax + 2)s = 0. (3.3)

By the proof in Sect. 2, Hy max + 2 is a positive self-adjoint operator, so (3.3) implies s = 0, i.e.
u = w. This shows that u € D(h).

It remains to prove (3.1). Since (H' + z)~! maps K* onto K continuously, it also maps
W-12(E) into W12(E) continuously.

For w € Dom(H), we have

1
h(w) = (Hw, w) < [[Hw|[ 1 ]lwly < 4*6|le||2_1 + e |wlf3,
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where € > 0 is arbitrary.
Taking € = 1/2 and using (2.8), we obtain

ol < V2 (g + 1)"2lfw] + 2712 Huwl| ). (3.4)

We know that (H + z) is a positive self-adjoint operator, and hence (H + z) Dom(H) = L*(E).
Let f = (H + 2)w, i.e. w= (H + z)~'f. From (3.4) we obtain

I(H+2)7" < V2 + D)2 I(H+ 27 ) + [ —2(H+2) " fla. (35)

Operator (H + z)~! can be extended to a continuous linear operator (H' + 2z)~! which maps
W~12(E) into WH2(E) continuously. Hence (3.5) can be extended to all f € W~12(E), whereby
H is replaced by H'. Now write u = (H' + 2)"!f, ie. f = (H + 2)u = (Hy + 2)u (the last
equality is true since u € K and H' is the restriction of differential expression Hy to k). This
immediately leads to (3.1) (whereby u is any element of K such that (Hy + z)u € W—12(E),
i.e. Hyu € W—12(E)). Since u in the hypotheses of this lemma satisfies these conditions, the
lemma is proven.

O

3.2. Regularized distance. Since M has bounded geometry, there exists a regularized distance
on M; more precisely, there exists a smooth function d: M x M — [0, +00) satisfying the

following conditions

(i) There exists p > 0 such that

|d(z,y) —d(x,y)| < p for every x,y € M, (3.6)
(ii) for every multiindex o with |a| > 0, there exists a constant C, > 0 such that
00d(z,y)| < Co  ,y € M, (3.7)

where the derivative J;' is taken with respect to canonical coordinates.

For the construction of d with these properties, see, for example, Lemma 2.1 of [7].
Let us fix g € M, and denote d(z) = d(z, zo).
In what follows we will also use the notation

B, ={xeM:d(x)<r}, for r > 0. (3.8)

3.3. Cut-off functions. Let x € C*°(R) such that x(¢t) = 1, for t < i and x = 0, for t > %
with x| < Cy and || < Oy, where C7 > 0 and C3 > 0 are constants.
For 0 < r < R, define ¢, p: M — [0,1] by

rn(s) = (dggl—) . (39
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Clearly, ¢p.r € C°(M), ¢prg = 0 for d(z) > R — 4, and ¢,z = 1 for d(x) < r + &, where
d = (R — r)/4. Moreover, by (3.7) we obtain

Kl -KQ 1(3
0o < ) A rRlloo < .

Here || - ||oo denotes the L* norm, and K, Ky, K3 are positive constants.

¢rRlle <1, |ldérr (3.10)

We also need a statement about the regularity of sections in Dom(Hy max). From now on, ¢

is as in Assumption A.

Lemma 3.4. Let u € Dom(Hymax). Then u € VV&’E(E) and the following estimate holds for
any 0 <r < R:

lullwrzgs, ) < V2 (272 [ Hymastll + (a(R+ o) 2 ull) + Cropllul,  (311)

where B, is as in (3.8), p is as in (3.6) and Cr_, > 0 is a constant depending on R—r, n, and
dim E.

Proof. Let u € Dom(Hy may). Take ¢ = ¢, g, with ¢, g as in (3.9). Clearly ¢Vu € LL (E), and

loc

Hy(¢u) = V*V(pu) +¢(Vu) = —(9®1) 0 V' o V(pu) + ¢(Vu)
= —(9®1)oVH(do ®@u+ ¢Vu) + ¢(Vu)
= (9@ )((VH9de) ®u) — (9 ©1)(d¢ © Vu) — (9 @ 1)(dp @ Vu) — (9 © 1)(¢V' V) + ¢(Vu)
= ¢Hyu—2(g®1)(d¢ ® Vu) + (Ay¢)u, (3.12)
where V¢ and V! are as in Sect. 1.

Clearly (¢g®1)(dp®Vu) € W—12(E). We will now estimate its W12 norm. Let v € C°(E).
Then

(9@ 1)(d¢ ® Vu),v) = (Vu,dp®@v) = (u,V*(dd ®v))12m)
= (u, —VX’U)LQ(E) + (u,— div(X)v)Lz(E), (3.13)

where X is the vector field associated to d¢ via metric g, i.e. X = grad ¢, and (-,-) on both
sides of the first equality denotes the duality between W12 and W12, In the second equality
in (3.13) we used integration by parts; see, for example, Lemma 8.8 from [2]. The last equality
in (3.13) follows from Proposition 1.4 of Appendix C in [8]. Since —div(grad¢) = Apr¢, we
obtain

(g @ 1)(dop ® Vu),v) = (u, —Vxv) + (u, (Ap0)v). (3.14)

By (3.10) we get
0 (Bau)0) < (5 + e ) el (3.15)
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where L' > 0, L" > 0 are constants and || - || is the norm in L?(E) .
Since X = grad ¢ and || grad ¢||oc < L" /(R — ), where L" > 0 is a constant, we obtain

n
IVxvleg) = [(ix ® D)Vll2g) < [ X ool VOl L2(r Mo E) < m”vv”L?(T*M@E)' (3.16)

Here ix: V(M) — Q7~1(M) denotes the usual interior product with vector field X.
Combining (3.15) and (3.16) we get

L Ll/
|(u, =V xv) + (u, (App)v)| < <R — + = r)2> l|wl[]]v]|1 for all ve CX(E), (3.17)

where || - ||1 is the norm W2(E) and L = L' + L" > 0, L > 0 are constants (independent of
R). Since C2°(E) is dense in W12(E), we conclude that

(g ®1)(dp ® Vu)||-1 < C'[|ul], (3.18)

where ' = L/(R—7r) + L"/(R —r)2.
From (3.12) we get Hy (¢u) € W—12(E). Now we can apply Lemma 3.1 with ¢ replaced by
¢(R + p) to get ¢pu € WL2(E). This proves u € W2?(E). To prove the estimate (3.11), we

loc

use (3.4) with ¢ replaced by ¢(R + p) and w = ¢u. From (3.12) and (3.18), we obtain
[Hy (du)ll-1 < | Hvmascul| + 2C7 ul| + C”lu]],

where C’ > 0 and C” > 0 are constants (depending on R — 7, n and dim E). This and (3.4)
immediately give (3.11). O

Lemma 3.4 and (3.12) immediately imply the following
Corollary 3.5. Let ¢ € C°(M) and u € Dom(Hy max). Then ¢pu € Dom(Hy, max)-

In what follows, we denote Z, :={1,2,3,...}.

3.6. A sequence of cut-off functions. Let x € C*°(R) with x(¢) =1 for ¢t < 1; x(¢t) = 0 for
t>2; x| <Ch,and |x"| < Cy, for some constants C; > 0 and Cy > 0. For every k € Z4 and

x € M define
orlx) = x (“,j”) . (3.19)

Clearly, ¢, € C(M), ¢, = 1 on By, and supp ¢y, C Boy. Also, for every z € M, klim or(r) = 1.
Moreover, properties (3.10) hold with ¢ = ¢, and R —r = k.

Lemma 3.7. Let ¢, be as in (3.19) and v € Dom(Hymax). Then Hymax(drt) — Hymaxt
weakly in L*(E), as k — +oo0.
12



Proof. Let u € Dom(Hy max). By Corollary 3.5, ¢pu € Dom(Hy max). By (3.12) we have

H\/,max(d)ku) = gf)k(HVu) — 2(9 X 1)(d(bk X Vu) + (AMqﬁk)u

As k — +o0, we clearly have ¢pHyu — Hyu in L*(E), and (Ap¢r)u — 0 in L?(E) since
1AM DK |00 < %, where K, is a constant independent of k (take, for example, Ky = Ko + K3,
where Ko > 0, K3 > 0 are as in (3.10) with ¢ = ¢ and R —r = k.)

It remains to show that
(9@ 1)(der, ® Vu) — 0 weakly in L*(E). (3.20)

We claim that (g ® 1)(déy, ® Vu) is bounded in L?(E). Indeed, by (3.11) with r» = 2k and
R =2k 4+ 1 we have

190l 2 5y e prmy < V2 (272 Hymasdl] + (a(2k + 1+ p) V2 ul) + Callull, (3.21)

where p is as in (3.6).

From the proof of Lemma 3.4 it follows that C; does not depend on k because R —r = 1.
Therefore C||u|| is bounded.

By assumption on g, we have (¢(2k + 1+ p))'/? = O(k) as k — 400, and by (3.10), it follows
that ||dok || < %, (K7 > 0 is a constant independent of k). This and (3.21) immediately imply
that (g ® 1)(d¢r ® Vu) is bounded in L?(E).

To prove (3.20), it is enough to show that for all v € C2°(E), we have

((g ® 1)(doy, @ Vu),v) — 0, as k — +oo.

By (3.14) and (3.17) with ¢ = ¢ and R — r = k, we obtain
L L//
(g V(@6 Tu)0) = [t (Baréu)o) + (=T < (4 55 ) lulllol, (322

where X}, is the vector field associated to d¢, via metric g, L > 0 and L” > 0 are constants
independent of k, and || - ||1 is the norm in W12(E).
Letting k — +o0 in (3.22) gives (3.20) and proves the lemma. O

3.8. Truncation operators. For N € Z, define
HyWN) = vy + v, (3.23)
where for every x € M,

V(x) for # € Bay,

(M) () —
Vi () V(x)+ (¢(d(z)) — q(2N)) 1d forx%BQN-

(3.24)

Here V is as in Assumption A, and Id is the identity endomorphism of F,.

As in Sect. 1, we define the maximal operator H‘(/]\Ql (V).
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From (1.3) and (3.6) it follows that V() € Ll (End E) is bounded below by a constant, and

by Sect. 2, H‘(/—]an is a self-adjoint operator.

Lemma 3.9. Dom(H(N) ) is independent of N. We will denote this domain by G.

V,max

Proof. Let N,k € Z, and N > k. Then for every x € M,

0 for z € By,
(VN — V(@) = ¢ (~q(d(x)) + q(2k))1d  for & € Byn\Ba,
(q(2k) — q(2N))1d for z € M\Bay,

where Id is the identity endomorphism of F,.
Since VM) —V(®) € £°°(End E), it follows that Dom(H") ) = Dom(H¥)

V,max Vmax)? and the lemma,

is proven. [l

Lemma 3.10. Ifu € Dom(Hy max) oru € G, then pu € Dom(Hy max) (G, for all ¢ € C(M).
Moreover, if supp ¢ C Bay, then H‘(/]an(gbu) = Hy max(ou).

Proof. The first statement follows immediately from Corollary 3.5. If supp¢ C Boy then
supp(¢u) C Ban. By (3.24) it is clear that if v is supported on By, then v € Dom(H(N) ) if

V,max
and only if v € Dom(Hy,max). In this case HN (v) = Hymax(v). Applying this to v = ¢u the

V,max
second statement is also proven. O

Lemma 3.11. Hy . s a symmetric operator, i.e.

(Hy maxt, v) = (u, Hy max?v) for all w,v € Dom(Hy max)- (3.25)
Proof. Let u,v € Dom(Hy max), and let ¢y, be as in (3.19). By Lemma 3.10 and self-adjointness
of H‘(/]illax we obtain
k k
(Hvmax(dru), ppv) = (H\(/J)naxwku)’ orv) = (Pru, Hx(/,r)nax(%v)) = (¢, Hymax(¢xv)). (3.26)
Letting kK — 400 in (3.26) and applying Lemma 3.7, we immediately get (3.25). O

Lemma 3.12. Hy nax 15 a closed operator.

Proof. Let {un} be a sequence in Dom(Hy max) such that uy — u in L?(E) and Hy maxun — f
in L?(E). We need to show that u € Dom(Hy max) and Hy maxu = f.

By (3.11) it follows that {uy} is a Cauchy sequence in W'2(B,, E) for any > 0. Thus uy
converges in VV&)CQ(E), and the limit must be u. Hence u € VV;}CQ(E) Let ¢y be as in (3.19).
Then Lemma 3.10 and (3.12) with ¢ = ¢y and u = un give

HPE (Sxun) = dpHyuy —2(g ® 1)(der, ® V) + (Aydy)uy. (3.27)
14



Fix k and let N — +oo in (3.27). By assumption it is clear that ¢, Hyuy — ¢pf in L2(E)
and (Aprér)uny — (Apop)u in L2(E). Since uy — u in I/VI})CQ(E), the middle term on the right
hand side of (3.27) converges to 2(g ® 1)(d¢r ® Vu) in L*(E).

Since H® s closed, J2%) (Prun) — J2%) (¢ru) in L?(E). Thus we obtain

V,max V,max V,max

HE (dru) = o — 2(g © 1)(dey, @ V) + (Aardp)u. (3.28)
Evaluating (3.28) at = € By, (on this set ¢y () = 1) and using (3.24), we have
(Hyu)(z) = f(z),  z€ By,
Since ¢rpu € Dom(H(k) ), we get ¢pVu € LY(E). Since k is arbitrary, Vu € L{ (F), and

V,max loc

Hyu = f for all z € M. This shows that u € Dom(Hy max) and Hy maxu = f. O

In what follows we will denote by Ran A the range of operator A.
Lemma 3.13. The following holds: Ran(Hy max +1) = L*(E).

Proof. Suppose f € L*(E). Since H‘(/]\an is self-adjoint, we can find uy € Dom(H(N) ) such

V,max
that
N . N
(Hy s = Du = £ lunl < IUF - IE sl < D1 (3.29)
Let ¢ be as in (3.19). Then equation (3.27) with k = N gives
HY) (oxuy) = onHyuy —2(g © 1)(déy © Vuy) + (Aprén)ux. (3.30)

Multiplying both sides of the equation in (3.29) by ¢y, we get onHyuny = én(iuny + f).
So (3.30) can be written as

YY) (onuy) = on(iuy + f) — 2(g © 1)(dén © Vuy) + (Aprdn)ux. (3.31)
From (3.31), it follows that

oy = ¢Nf —2(9®@1)(dpy @ Vun) + (Apén)un € Ran(Hy max — ).

We claim that as N — +o0, vy — f weakly in L?(E). Indeed, it is clear that ¢ f — f in
L?(E), and due to (3.10) and (3.29) (Ayén)uny — 0 in L2(E). The proof that (¢ ® 1)(dén ®
Vuy) — 0 weakly in L?(E), is the same as in Lemma 3.7 and is based on the estimates (3.21)
and (3.22) with u replaced by un, Hymax replaced by H‘(/]’Yr)lax, and k replaced by N.

Thus f is the weak limit of a sequence of elements in Ran(Hy max — ). But Ran(Hy, max — 1) is
closed by Lemmas 3.11 and 3.12, so, in particular, weakly closed. Therefore f € Ran(Hy max —1).
Since f € L%(E) is arbitrary, we get Ran(Hymax — i) = L*(E). The proof of the equality
Ran(Hy max + 1) = L?(E) is similar. O

Proof of Theorem 1.3 By Lemma 3.11, Lemma 3.12 and Lemma 3.13, Hy max is a closed
symmetric operator with Ran(Hy max + i) = L?(FE). By Theorem V.3.16 in [6], it follows that

Hy max is self-adjoint. O
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