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ABSTRACT
We prove self-adjointness of the Schrédinger type operator Hy = V*V + V| where V is a
Hermitian connection on a Hermitian vector bundle E over a complete Riemannian manifold
M with positive smooth measure dp which is fixed independently of the metric, and V €
I

e (End E) is a Hermitian bundle endomorphism. Self-adjointness of Hy is deduced from the

self-adjointness of the corresponding “localized” operator. This is an extension of a result by
Cycon. The proof uses the scheme of Cycon, but requires a refined integration by parts technique
as well as the use of a family of cut-off functions which are constructed by a non-trivial smoothing

procedure due to Karcher.
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1. INTRODUCTION AND THE MAIN RESULT

Let (M, g) be a Riemannian manifold (i.e. M is a C*°-manifold, (g;z) is a Riemannian metric

on M), dim M = n. We will assume that M is connected. We will also assume that we are given

a positive smooth measure dpu, i.e. in any local coordinates =, 22, ... 2" there exists a strictly

positive C*°-density p(x) such that du = p(x)dzldr?...ds". We will assume that (M, g) is
complete.

Let E be a Hermitian vector bundle over M. We denote by L?(E) the Hilbert space of square
integrable sections of E with respect to the scalar product

(u,v) = /M (ul(a), o(2)) g, dpz). (L1)

Here (-, ), denotes the fiberwise inner product.
Let

V:C¥E)— C*(T"M® E)
be a Hermitian connection on E.

We will consider a Schrodinger type operator of the form
Hy =V*V +7V,
where V is a linear self-adjoint bundle map V € L] (End E). Here

V*: C®(T*M @ E) — C™(E)

is a differential operator which is formally adjoint to V with respect to the scalar product (1.1)
We define the maximal operator Hy ax associated to Hy as an operator in L?(E) given by
Hy maxu = Hyu with domain

Dom(Hy max) = {u € L*(E) : Vu € L, .(E), Hyu € L*(E)}. (1.2)

Here V*Vu in Hyu = V*Vu + Vu is understood in distributional sense.
We want to give a sufficient condition for self-adjointness of Hy max-
For every © € M we have the following canonical decomposition:

V(z) =V (z) -V (). (1.3)

Here V' (z) = Py(x)V(x), where Py (x) := X[o400)(V(2)), and V™ (x) = —P_(z)V(z), where
P_(7) 1= X(—00,0)(V(x)). Here xa denotes the characteristic function of the set A.

1.1. Sesquilinear form. Consider the sesquilinear form h: C°(E) x C°(E) — C defined by

h(u,v) = /(Hvu,v> du. (1.4)

We will make the following assumption on h.
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Assumption A. The quadratic form (which we also denote by h) corresponding to h in (1.4)
is closable and h > 0.

Remark 1.2. If h > 0 on C°(E) and V € L _(End E), then h is closable, so Assumption A is
satisfied, cf., for example, Theorem 14.1 in [5]. Assumption A is also satisfied when, for example,

0<V € L. _(EndE) as shown in Lemma 2.2 below.

loc

In what follows, we will denote by Hj the self-adjoint operator associated to the closure h of
the form h in Assumption A so that

H; > 0. (1.5)

1.3. Quadratic forms of semibounded operators. For any semibounded below self-adjoint
operator —a < T: Dom(T) C L*(E) — L?*(E), we will denote by Q(7T) the domain of the
quadratic form ¢ associated to T. Then Q(T') is a Hilbert space with the inner product

('7 ')t = t('? ) + 1+ a)(),
where (-, -) is the inner product in L?(E).
A set which is dense in the Hilbert space Q(T") with the inner product (-,-); is called a form
core of T'.

In what follows, we will denote Z; := {1,2,3,...}.
For a fixed g € M and for all k € Z,, denote

By :={z € M :d(xo,x) < k}, (1.6)

where d is the distance function on M induced by the metric g.
In what follows we will use the following result on the existence of cut-off functions due to
Karcher [6] (see also [13]).

1.4. Cut-off functions. Let (M, g) be a complete Riemannian manifold. Then there exists a
sequence of functions ¢;: M — R, j =1,2,... such that
(a) &5 € C(M)
b)0<¢j(z)<1l,zeM, j=1,2...
(c) for every compact set K C M, there exists jo such that ¢; =1 on K, for j > jo.
(d) € :==sup,en [Voj| — 0 as j — oo. N
Clearly, supp ¢; C By, for k; large enough. Denote B; := By,.

Assumption B.
(i) For every k € Z4 and x € M, deno‘ga V. (x) := xxV (), where V™ is as in (1.3) and
Xk is the characteristic function of By. Let
Hy = V'V + Vi, (1.7)

where Vi, := V*+ —V,” and V7 is as in (1.3).
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Denote by Hj, max the maximal operator associated to Hy as in (1.2).
Assume that Hj max is self-adjoint.
(i) Assume that C2°(E) is a core of the quadratic form associated to |Hj max|-
(iii) Assume that for every k € Z, there exists a constant ¢, > 0 such that

(V*Vuw,w) + (VTw,w) < cp[(Hyw, w) + [Jwl]?], for all w € C°(E). (1.8)

Remark 1.5. If V— € LY (End F) with p > % for n > 5, p > 2 for n = 4, and p = 2 for n < 3,
then the following holds: there exist constants 0 < ap < 1 and G > 0 such that

1/2
([ vPuPan) " <ouddwal+ gl forall wecEon. ()
M

Here |V, | denotes the norm of the endomorphism V, (z): E, — E,, and Ay := d*d is the
scalar Laplacian on M.

(In fact, for every ay > 0, there exists G > 0 such that (1.9) holds).

If supp V) is contained in a coordinate neighborhood, (1.9) follows from Theorem IX.28,
arguments from the proof of Theorem X.15, and Theorems X.20, X.21 of [11]. The general case
may be proven using a localization technique as it is explained in [13, §5.2]. Another option is
to require that V= € S, 1oc Where S, 1o is a local Stummel class, cf. Appendix C of [1].

By Lemma 6.2 from [1], there exist constants 0 < aj < 1 and by > 0 such that

|(Vimw, w)| < ag(V*Vw,w) + bglw|?, for all w € C°(FE). (1.10)

Since V*V and VT are positive self-adjoint operators in L?(E), it follows by Theorem 4.1
in [5] that the form sum V*V+V is a positive self-adjoint operator. Since V,~ satisfies (1.10),
Theorem 7.11 in [5] immediately supplies a semibounded self-adjoint operator Fj which is the
form sum of V*V+V* and —V,~. By the same theorem, CS°(FE) is a form core of Fj,. However,
a great deal of work is needed to check that Fj, coincides with the maximal operator Hy max. In
the case of the operator — A4V 1 — V,~, where A is the standard Laplacian on R" with standard
metric and V* € L{ (R"), V,- € LP(R"), where p is as above, this was done in [3], but the
arguments given there extend to the case of operator Ay +V*+ — V.~ on a manifold (M, g) of
bounded geometry.

Thus if (M, g) has bounded geometry, V* € LL (M) and V~ € L

loc loc

(M), where p is as in the
beginning of this remark, then the maximal operator Hy, max associated to Hy = Ay + VT — Vi
as in (1.2) coincides with semibounded self-adjoint operator Fj above (in case V = d). So
Hj; max is self-adjoint, hence (i) of Assumption B is satisfied. Since Cg°(M) is a form core of
F, it follows that C2°(M) is a form core of |Hj max|, so (ii) of Assumption B is also satisfied.
From (1.10) it follows that

1
1—ay

(V*Vw,w) + (VTw,w) < [(Hyw, w) + (by + 1) ||Jw||?] for all w € C°(E). (1.11)
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Taking V =d and E = M x C in (1.11), the condition (iii) of Assumption B is also satisfied in
case H, = Ay + V7T — Vi .

We now state the main result.

Theorem 1.6. Assume that (M, g) is complete and Assumptions A and B hold.
Then Hymax 5 a self-adjoint operator.

Remark 1.7. This result extends the result of Cycon [4] which was proven for the case of operator
—A+V, on R" with standard metric. For results on the essential self-adjointness of Schrédinger-
type operators Hy = D*D + V, where D: C°(E) — C°(F) is a first order linear differential
operator (with injective principal symbol) acting on sections of Hermitian vector bundles E
and F over a non-compact manifold M, and V € L% (End E), see [1]. Appendix D of [1] also

contains useful historical remarks and references on the essential self-adjointness of Schrodinger

operators.

In what follows, W12 (E) denotes the set of all u € L?(E), such that Vu € L?>(T*M ® E). For
a complete Riemannian manifold (M, g), it is well-known that W2(E) is the closure of C2°(E)
with respect to norm || - ||; defined by the inner product

(u,v)1 = (u,v) + (Vu, Vo) u,v € CX(E),

where (-,-) is the inner product in L2

By W~12(E) we will denote the dual of W12(E).

In what follows we will use the following facts and notations from differential geometry.

Let V! be the connection on T*M ® E induced by V and Levi-Civita connection V¢ on
T*M. Then

vV C®(T*M ® E) — C®(T*M @ T*M ® E). (1.12)
Define an operator A: C*°(E) — C*°(E) as
A=—(gel)oV'oV.
By Proposition 2.1 in Appendix C of [14], A = V*V.
If we take V = d, the following holds: Ay; = —go V€ o d.
2. PROOF OF THEOREM 1.6

We begin with the following

Lemma 2.1. Assume that 0 < T € LL (End E) is a linear self-adjoint bundle map. Assume

loc
also that u € Q(T), where Q(T) = {u € L*(E): (Tu,u) € L'(M)}.
Then Tu € LL (E).



Proof. By adding a constant we can assume that 7' > 1 (in operator sense).
Let u € Q(T). By hypothesis, we have (Tu,u) € L'(M).
We choose (in a measurable way) an orthogonal basis in each fiber E, and diagonalize 1 <
T(z) € End(E;) to get T(z) = diag(ci(z), c2(2),...,cm()), where 0 < ¢; € Li (M), j

loc

1,2,...,m and m = dim FE,.
Let uj(z) (j = 1,2,...,m) be the components of u(x) € E, with respect to the chosen
orthogonal basis of E,. Then for all x € M

(Tu,u) = cj(@)uj(@).

J
Since u € Q(T), we know that 0 < [(Tw,u)dp < 400. Since ¢; > 0, it follows that c;jlu;|? €
LY(M), for all j =1,2,...,m.

Now, forallx € M and j =1,2,--- ,m

2lcjugl = 2lejllu] < lejl + lejllug (2.1)

The right hand side of (2.1) is clearly in L{ (M). Therefore cju; € L. (M).
But (T'w)(x) has components c¢;(x)u;(x) (j = 1,2,...,m) with respect to chosen bases of E,.
Therefore Tu € Ll (E) and the lemma is proven. O

We will also need the following well-known lemma whose proof parallels Theorem 1 from [10]
which dealt with magnetic Schrédinger operator on L?(R") with 0 < V € L} _(R"), cf. also
Lemma 2.1 in [9] for the case of magnetic Schrédinger operators on Riemannian manifolds.

Lemma 2.2. C°(E) is dense in Hy := WH2(E) N Q(V') with respect to norm

Jull2 = [ 190P dut [V 00)di -l (2.2
where || - || is L*(E) norm.

Proof. 1. We will first show that compactly supported elements of H; are dense in H; with
respect to the norm ||-||4+. Take any v € H1, and let uy, = ¢ru, where ¢y is as in Sect. 1.4. Since

IV(oru)ll = lldpr @ u+ ¢pVul < exllull + | Vull,
it follows immediately that ||V (¢pu)|| — ||[Vul| as k — oo, where || - || denotes the L?(T*M ® E)

norm.
Clearly ¢pu — u in L%(E).
It remains to show that

/(V+¢)ku, Pru) dp — /<V+u,u> du as k — oo. (2.3)

We have

<V+¢kuv ¢ku> = ¢l%:<v+ua u> < <V+u7 u> € Ll (M)v
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and, as k — oo,
(V+¢ku,¢ku> — <V+u,u) pointwise.
Hence by the dominated convergence theorem we obtain (2.3).

2. We now show that compactly supported elements of H; [ L>°(E) are dense in H; in norm

I Il

Take any compactly supported v € Hy. For every R > 0 define the truncation ug of u by the
formula
u(z), if |u(z)| < R;
UR(:E) = u(z) .
R if |u(z)| > R.

[u(z)]
The section up is a compactly supported element of Hy (| L (FE).
It follows from Theorem A of the Appendix in [10] that up € Wegmp(E) for all R > 0 and
that ug — u as R — oo in Wcl(;?np(E).
It remains to show that

/<V+uR,uR> dp — /(V*u,u> du as R — oo. (2.4)

We have
(VTugr,ug) < (VTu,u) € L'(M),
and, as R — oo,
(VTug,ug) — (VTu,u) pointwise.

By the dominated convergence theorem we obtain (2.4).

Therefore, ||ug — ul|+ — 0 as R — oo. So our second claim is proven.

3. It remains to show that C2°(E) is dense in the set of compactly supported elements of
HiL>=(E).

Let u € Hy () L*°(E) be compactly supported. Using a partition of unity we may assume that
u is supported on a coordinate neighborhood. Let u” = J?u, where J? the Friedrichs mollifying
operator as in Section 5.12 of [1]. It is well-known (cf. Lemma 5.12 in [1]) that u” € C°(E) and
uP — u as p — 0+ both in the space WH2(E) and in the space L?(FE). In particular, |[u| 1.2
is bounded for 0 < p < 1. It remains to show that

/<V+u'°, uf) dp — /<V+u, w) dp as p—0+. (2.5)

We choose (in a measurable way) an orthogonal basis in each fiber E, and diagonalize 0 <
V*H(z) € End(E;) to get VT (z) = diag(ci(x),ca(x),...,cm(x)), where 0 < ¢; € Li (M),

loc

7=12...,mand m =dim FE,.



Let uf(z) (j = 1,2,...,m) be the components of u’(x) € E, with respect to the chosen
orthogonal basis of F,. Then for all x € M

m

(VT uf) = cjluf . (2.6)
j=1
It remains to prove that for all j =1,2,...,m
/Cj\uf\zduﬂ/cj!uﬁdu as p—0+. (2.7)

1

1oc(M), the dominated convergence

Since u € L*°(F) is compactly supported and ¢; € L
theorem immediately implies (2.7).

Therefore ||u” — ul|+ — 0 as p — 0+. This proves the third claim and the lemma. O

In what follows, we adopt the scheme of proof from Cycon [4] to our setting with the help of
refined integration by parts technique and the family of cut-off functions from Sect. 1.4.

Lemma 2.3. (i) CX(F) is a form core of Hy max-
(ii) The operator Hy max s semibounded below by —1.

Proof. Using (1.8) and the spectral representation of Hy, max and |Hy max|, the following holds:
for every k € Z, there exists a constant ¢ > 0 such that

(V*Vw, w) + (VFw,w) < e (Hyw, w) + |w]|?] < exl(|Hylw, w) + [lw]|], (2.8)

for all w € C°(E).

By (ii) of Assumption B, Lemma 2.2, and by (2.8), it follows that C2°(E) is a form core of
Hj, max. Thus (2.8) holds for all w € Dom(Hj, max). Therefore Hj, max is semibounded below by
—1. (I

The following corollary follows immediately from Lemma 2.3.
Corollary 2.4. Q(Hj max) i well-defined in the sense of Sect. 1.3.
Lemma 2.5. The following holds: Q(Hjymax) C WH(E)NQ(VT) C Q(V;)).

Proof. By (1.8), Lemma 2.2 and Lemma 2.3, it follows that Q(Hj max) C WY2(E)NQ(VT).
By (1.8), it follows that

(Vimw,w) < (V*Vw,w) + (Viw,w) + [lw)?, for all w € C°(E). (2.9)
By Lemma 2.2, the inclusion WH2(E)NQ(V™) € Q(V,") follows from (2.9). O

In what follows, we let {¢}rez, be as in Sect. 1.4.
Then

Vi(pru) = VT (dpu) — xe V™ (ru) = V(dpu), (2.10)

where x is as in Assumption B.



Lemma 2.6. Assume that u € Dom(Hy may). Then ¢pu € Q(Hymax) C WHHE)NQ(VT).

Proof. In the proof we will use the arguments due to Kato, cf. Lemma 1 in [7].
Q(Hj max) is a Hilbert space with the inner product

(ua U)k = hk(“? U) + 2(“7 U)LQ(E)a

where hy(-,-) is the sesquilinear form obtained by polarization from the quadratic form hg(-)
associated to Hj max. In view of Lemma 2.5, we have the following continuous inclusions

Dom(Hp max) € Q(Himax) C WH(E) € L*(E) € W (E) C Q(Hpmax)" (2.11)

where Q(Hj max)" denotes the dual of Q(Hj, max)-

By a well-known abstract fact Hy max: Dom(Hg max) — L?(E) can be extended to a contin-
uous linear operator H,;ymaxz Q(Hp max) — Q(Hi,max)". In fact, H,;Vmax is the restriction of the
differential expression Hy to Q(H max) because for all w € Q(Hy max), by Lemmas 2.1 and 2.5
it follows that V*w € L] (E) and V,”w € L (E), and hence Vyw € L] (E).

By an abstract fact (cf. Remark after the proof of Theorem 2.1 in [5]), H,;,max+2: Q(Hk,max) —
Q(Hk,max)™ is a topological isomorphism.

Let u be as in hypothesis of this lemma. Then

Hy(¢pu) = V*V(gpu) + ¢p(Vu) = —(g®1) 0 V' o V(ggu) + ¢p(Vu)
= —(9®1) o V(o @ u+ ¢ Vu) + ¢p(Vu)
= —(g@1)((Vdor) 1) — (9@ 1)(dox ® Vu) — (9 ©1)(ddy ® Vu) — (9© 1) (¢4 V' V) + (V)
= drHymaxt — 2(9 @ 1)(dgr, ® Vu) + (Apor)u, (2.12)

where V¢ and V! are as in Sect. 1.
Clearly (Hy + 2)(¢pu) € W H2(E) C Q(Hgmax)*- Thus we can find s € Q(Hjy max) such
that
(Hymax + 2)sk = (Hy + 2)(dx0).
Since s € Q(Hp max), Lemma 2.5 and Lemma 2.1 give Vs, € Llloc(E). As above, H,;}max is the
restriction of differential expression Hy to Q(Hj max), hence (Hy + 2)(sx — ¢ru) = 0. Denoting
wg = Sk — Qpu, we get Hpwy, = —2wy. Since Viyu € Llloc(E) and Vs € LIIOC(E), it follows that

Viwy € Li (E). Since wy, € L*(E), we immediately get wy, € Dom(Hj, max). Therefore

loc
(Hk,max + 2)wk =0. (2.13)

But Hj max + 2 is a positive self-adjoint operator, so (2.13) implies wy, = 0, i.e. ¢pu = s. This
shows that ¢ru € Q(Hg max)-
By Lemma 2.5, it follows immediately that ¢,u € WH2(E)Q(V ™). O

Lemma 2.7. Assume that v € Dom(Hymax). Then ¢pu € Q(Hy).
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Proof. By an abstract fact, Q(Hjy) is the closure of C2°(FE) in the norm
lulln = A(u) + Jlull* = / Vul? du + /<Vu,u) dp + lull?, (2.14)

where || - || is the L?(E) norm.

To prove the lemma, we need to find a sequence v; € C°(E) such that ||[v; — ¢pullp, — 0 as
j — oo.

By Lemma 2.6, ¢pu € WHA(E)NQ(VT).

By Lemma 2.2 there exists a sequence v; € C2°(E) such that

loj — deulls =0 asj— oo, (2.15)

where norm || - ||+ is as in (2.2).
By Assumption A we have

(V7uz,05) + v |1? < (Vog, Vog) + (VEog,05) + [log |1

From (2.15) it follows that {v;} is a Cauchy sequence with respect to ||-||+. Thus {v;} is a Cauchy
sequence in Q(V ™) with respect to the norm || - ||y—, where Q(V ™) = {u € L*(E): (V~ u,u) €
LY(M)} is the domain of the quadratic form

b(u) == /(Vu,u) dp

and || [2_ == b() + - |-

Since b is a closed quadratic form (see Example 1.5 in Sec. VI.1.2 and Example 1.15 in
Sec. VI.1.3 of [8]), it follows that the sequence {v;} converges in Q(V ™) with respect to the
norm || - ||y~ to some element z € Q(V 7). In particular, v; — z in L*(E). By (2.15) we know,
in particular, that v; — ¢pu in L?(E). Thus ¢pu =z € Q(V ™) and

(V™ (vj — dru), (v; — ppu)) — 0 as j — oo. (2.16)
Now (2.16) and (2.15) imply ||v; — ¢rul[, — 0 as j — oo, and the lemma is proven. O
Lemma 2.8. If v € Q(Hgmax), then ¢pv € Q(Hpmax) () Q(Hf).
Proof. Q(Hp max) is a Hilbert space with the norm
lvllz, = hi(v) + 2[lo], (2.17)

where hy is the quadratic form associated to self-adjoint operator Hymax > —1, cf. (i) of
Assumption B and Lemma 2.3.

Since CZ°(E) is a form core of hy, (cf. Lemma 2.3), there exists a sequence v; € C2°(F) such
that

|lvj —vllp, =0  asj— oo. (2.18)
11



Since hy > —1, we have

(Vi bk (05 =0), 61 (v —v)) < ||V (dr(0; =) I+ (VF i (05 —0), 61, (vj—0)) +|pre(v; =) |2 (2.19)
We will now estimate the terms on the right hand side of (2.19).

IV (@1 (v; =) = lldgx ® (vj —v) + ¢V (vj = V)| < exllvj — ol +[V(v; =v)ll,  (2.20)
where ¢, is as in (d) of Sect. 1.4, and || - || is L* norm.
Since 0 < ¢ < 1, we obtain
(Vi (v —v), ¢x(vj —v)) < (VF(vj =), (v = v)). (2.21)

By (2.18), (2.19), (2.20) and (2.21) it follows that ¢pv € Q(H max) and
|6xvj — drvlln, — 0 as j— oo
From (2.14) and (2.17) we obtain
l¢wv; — drolli, = llgrvy — dwvlli, — lldkv; — droll?, (2.22)
where || - || is the norm in L?(E). Letting j — oo in (2.22) we get ¢pv € Q(Hj). O
Lemma 2.9. If u € Dom(Hj,), then ¢pu € Q(Hi max)-

Proof. Since v € Dom(Hj) C Q(Hy) and Q(Hj,) is the closure of C°(FE) in the norm (2.14),
there exists a sequence u; € C2°(E) such that

luj —ullp, — 0 as j — 0o, (2.23)

where || - ||, is as in (2.14).
Let v € Q(Hg max). By Lemma 2.8 it follows that ¢pv € Q(Hpmax) () Q(Hf). Since C°(E)
is a form core of hy (cf. Lemma 2.3), there exists a sequence v; € C°(FE) such that

|loi = vl|lp, — 0 as | — oo, (2.24)
Thus
(Hpu, ¢rv) = P h(uj, o) = jﬂgylnﬂoo(Hﬁuj, brur) = jﬂolif{lﬂoo(Hvuj, orur).  (2.25)
By (2.12) we obtain
(Hv (druy),v1) = (dxHyuj, v) — (2(g ® 1)(doy @ V), vi) + ((Andr)ug, vr). (2.26)

We will now rewrite the second term on the right hand side of (2.26).

2((g @ 1)(dor @ Vug),v)r2py = 2(Vuy,ddx @ i) p2remep) = 2(uj, V(dor @ vi))r2(k)
= 2(uy, —Vx,u)r2(m) + 2(uy, — div(Xp)o) 2wy, (2.27)
12



where X, is the vector field associated to d¢y via metric g, i.e. X = grad ¢;. The last equality
in (2.27) follows from Proposition 1.4 of Appendix C in [14]. Since — div(grad ¢) = Ak, we
obtain

2((9 () 1)(d¢k ® Vu]'), ?)) = 2(Uj, —kavl) + Q(Uj, (AM¢k)Ul) (2.28)

By (2.26) and (2.28) we get

(Hy (¢ruj),v) = (dxHvuj, vi) + 2(uj, Vx,u) — (uj, (Apgr)vr). (2.29)

We will now show that ¢pu; converges weakly in the Hilbert space Q(Hj max) (with norm
Il as in (2.17)).

Fix v € Q(Hj max), and let u; and v; be as in (2.23) and (2.24). Using (2.25) and (2.29) we
obtain

lim ((;Skuj, U)hk = J{%[(Hk(¢ku]), U) + 2((Z)ku]‘, ’U)] = lim (Hk(¢ku]), ’Ul) + 2(¢ku, ’U)

j—>OO ]_)OOJ_K)O

= j_)iiol}l_w[(ﬂﬁuﬁ Prvr) + 2(uy, Vxvr) — (uy, (Andr)or)] + 2(du, v)
= (Hpu, ¢rv) + 2(u, Vx,v) — (u, (A or)v) + 2(dru, v).

Here (-, -)p, denotes the inner product in Q(Hj max) Whose norm is given in (2.17), and (-,-) is
the inner product in L?(E).

This shows that ¢ju; converges weakly in Q(Hgmax) as j — oo. We will denote the weak
limit (as j — 00) of ¢pu; in Q(Hi max) by zx. We will show that 2z, = ¢pu.

We know that for every f € Q(Hj max)*, the following holds:

f(okuj) — f(z)  as j— oo. (2.30)

Since Q(Hymax) C L*(E) C Q(Hp max)*, cf. (2.11), it follows that (2.30) holds for all f € L?(E).
This means that ¢u; — 2 weakly in L*(E), as j — oo.

Since ||¢ru; — drullL2(g)y — 0 as j — oo, it follows that ¢ru = 2. But 2, € Q(Hy max), SO
dru € Q(Hi max) and the lemma is proven. O

Lemma 2.10. The following operator relation holds: Hy C Hy max.

Proof. Let u € Dom(Hp). By Lemma 2.9 we get ¢pu € Q(Hj max). By Lemma 2.5, we obtain
opu € WH(E)NQ(VT) € Q(V,). From Lemma 2.1 with u replaced by ¢yu, we obtain
Vigru € LY(E). By (2.10), Vigru = Vru, so Voru € LY(E). Since k € Z, is arbitrary, it
follows that Vu € Li (E).
Since Hyu = Hyu € L*(E) we get u € Dom(Hy max) and Hpu = Hymaxu. This concludes
the proof of the lemma. O
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Lemma 2.11. Suppose that u € Dom(Hy max). Then

(V(0n). V(6r0) + [V onan i — [V, ) d
= Re(¢kHV,maxua ¢ku) + ||d¢k; & UH2 (231)
Proof. By Lemma 2.6 it follows that ¢pu € Q(Hpmax). Using (2.10) and Lemma 2.5, we
immediately obtain ¢pu € WH2(E)NQ(VH)NQ(V ™).
Using integration by parts (cf. Lemma 8.2 in [1]), we get
(V(dru), V(¢ru)) = (dorp@u, V(pru))+(dxVu, V(gru)) = (dbp@u, V(pru))+(Vu, ¢ V(oru))
= (g ® u, dp @ u) + (dey, ® u, V) — (Vu, dp(der ® ) + (Vu, V(piu))
= |lder @ ul® + 2i Im(dey @ u, pVu) + (¢ V*Vu, ppu).
Adding this formula with its complex conjugate and dividing by 2, we obtain
(V(¢ru), V(dxu)) = |lddx @ ul® + Re(¢x V"V, gju). (2:32)

Since 0 < [(VTopu, dru) dp < +ooand 0 < [(V,” dpu, dpu) dp < 400, we can add [(V T ¢pu, dru) du—
[V, dru, dru) dp to both sides of (2.32) to get

(V(éx10), V(x)) + / (Ve ) iyt — / (Vi s, by dp

= |ldpr ® ull* + Re(¢xV*Vu, gpu) + / (V= V.7 bru, dpu) dp. (2.33)

Since u € Dom(Hy max), by Lemma 2.6 it follows that u € VVli)Cz(E) and hence V*Vu €
W,.*(E). By definition of Dom(Hy,max), it follows that Hyu € L*(E) and Vu € LL (E).
Therefore, Vu = (Hy — V*V)u € W, "*(E) N LL.(E). Also,

loc
(VT = Vi) (), pru) > —(Vi (dpu), pru) € L (M).

By the main theorem from [2], we obtain

/ (VT =V drw), dpu)ydp = (VT = V) (dru), dru ), (2.34)

where (-, ) on the right hand side denotes the duality between ngcl 2(E) and Wagap (E).
By (2.34), we can rewrite the right hand side of (2.33) as

|der ® ul|* + Re(dr V*Vu, ¢pu) + (VT = V7 ) pru, dru), (2.35)

where (-, ) in the last two terms denotes the duality between I/Vlgcl 2(E) and Wclc;gnp(E).
Adding the last two terms in (2.35), we obtain the following form of the right hand side
of (2.33)

ldgy, @ ul|* + Re(én(V*V + VF = V7 )u, dpu), (2.36)
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where (-, -) denotes the duality between I/Vlgcl 2(E) and Weghp(E).

Since Hyu € L?(E), we can apply Lemma 8.3 from [1] to conclude that the duality (-,-) in
the last term in (2.36) coincides with the inner product in L?(E).

From (2.36) and (2.33), the equation (2.31) follows immediately. O

2.12. Proof of Theorem 1.6. By Lemma 2.10 it follows that Hj C Hy max, S0 it remains to
prove Hy max C Hj,. Clearly, we only need to show Dom(Hy max) C Dom(Hj,).

Assume that v € Dom(Hymax). By (1.5), Hj, is a non-negative self-adjoint operator, hence
(Hj, +1)7! is a bounded linear operator on L?(E). Let

s = (Hy + 1) (Hymax + 1)v.
Then (Hj, + 1)s = (Hymax + 1)v. Since Hj C Hymax, it follows that s € Dom(Hy max) and
(H, +1)s = (Hymax + 1)s = (Hymax + 1)v. Denoting u = v — s, we get
(Hy:max + 1)u = 0. (2.37)

Since u € Dom(Hy max), Lemma 2.7 shows that ¢pu € Q(Hy). By (1.5) Hp > 0, so the
quadratic form h associated to Hj, is also positive and hence h(¢ru) > 0. This and Lemma 2.11
give

0 < Re(¢r Hymaxtt; ) + [ldp @ ul|*. (2.38)

From (2.38) and (2.37) we obtain

[ prull]® < [ldpr  ull®. (2.39)
By property (d) of Sect. 1.4 we have
ldgr, @ ull® < € [lull.

Using (c) of Sect. 1.4 and (2.39), for any compact K C M, we obtain for k > ko(K):

/|u]2du:/ \¢ku\2du§e%/ ul? dp. (2.40)
K K M

Letting £ — oo in (2.40) we get u = 0 on K. Since K is arbitrary, it follows that u = 0, i.e.
v = 5. Therefore v € Dom(Hj,) and the theorem is proven. O
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