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Abstract

Let (M,g) be a manifold of bounded geometry with metric g. We consider a
Schrédinger-type differential expression H = Aj; + V, where Ajs is the scalar
Laplacian on M and V is a non-negative locally integrable function on M. We give
a sufficient condition for H to have an m-accretive realization in the space LP(M),
where 1 < p < 4o0. The proof uses Kato’s inequality and LP-theory of elliptic
operators on Riemannian manifolds.
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1 Introduction and the main results

Let (M,g) be a C* Riemannian manifold without boundary, with metric
g = (gjr) and dim M = n. We will assume that M is connected and oriented.
By dp we will denote the Riemannian volume element of M.

In what follows, by 7> M and T*M we will denote the cotangent space of M
at x € M and cotangent bundle of M respectively. By C*°(M) we denote the
space of smooth functions on M, by C°(M )—the space of smooth compactly
supported functions on M, by Q'(M)—the space of smooth 1-forms on M,
and by D’(M)—the distributions on M.
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Let 1 < p < +o0. By LP(M) we denote the completion of C2°(M) with respect
to the norm

1/p
Jullp := (M IUIpdu) :

By (-, -) we will denote the anti-duality of the pair (LP(M), L¥ (M)), where 1 <
p < oo and 1/p+1/p’ = 1, and the anti-duality of the pair (D'(M), C°(M)).

In the sequel, d: C*°(M) — Q'(M) is the standard differential, d*: Q'(M) —
C*(M) is the formal adjoint of d with respect to the usual inner product in
L*(M), and Ay := d*d is the scalar Laplacian on M; see [2, Sec. 1].

We will consider a Schrodinger type differential expression of the form

H=Ay+V,

where V € L (M) is real-valued.
1.1 Operators associated to H

Let 1 < p < +00. We define the maximal operator H, max in LP(M) associated
to H by the formula H) yaxu = Hu with domain

Dom(H, pmay) = {u € LP(M) : Vu € Li, . (M), Ayu+Vu € LP(M)}. (1)

Here, the term Ajpu in Apu + Vu is understood in distributional sense.

In general, Dom(H, max) does not contain C°(M), but it does if V' € L} (M).
In this case, we can define H) min 1= Hp max

O (M)-

Remark 1 Using the same definitions as in Sec. 1.1, we can also define
Hywmax and Hy, iy for p = 1 and p = oo. However, we will not use those
operators in this paper.

1.2 Operators associated to Ay
Let 1 < p < +00. We define the maximal operator A, .x in LP(M) associated

to Aps by the formula A, axt = Aprw with the domain

Dom(A, max) = {u € LP(M) : Apu € LP(M)}. (2)



We define Ay min := Ap max|ceo(m)-

Throughout this paper, we will use the terminology of contraction semigroups,
accretive and m-accretive operators on a Banach space; see Sec. 1.4 below for
a brief review.

1.8  Domination and positivity

Suppose that B and C are bounded linear operators on LP(M). In what
follows, the notation B < C' means that for all 0 < f € LP(M) we have
(C — B)f > 0. We will use the notation B << C to indicate that B is
dominated by C, i.e. |Bf| < C|f| for all f € LP(M).

Assumption (A1l). Assume that (M, g) has bounded geometry.

Remark 2 In this paper, the term “bounded geometry” is the same as in [8,
Sec. A.1.1] or [2, Sec. 1]. In particular, a manifold of bounded geometry is
complete.

In the sequel, by A we denote the closure of a closable operator A.
We now state the main results.

Theorem 3 Assume that (M, g) is a connected C> Riemannian manifold
without boundary. Assume that the Assumption (A1) is satisfied. Assume that
l<p<+o0and 0 <V e L (M). Then the following properties hold:

loc

(1) the operator Hy max generates a contraction semigroup on LP(M). In par-

ticular, Hy max 15 an m-accretive operator.
(2) the set C(M) is a core for Hymax (i-€. Hpmin = Hpmax-)-

Theorem 4 Under the same hypotheses as in Theorem 3, the following prop-
erties hold (with the notations as in Sec. 1.2 and Sec. 1.3):

(1) 0 < (A4 Hpmax) > < (A + Apmmax) L for all A > 0;
(2) (A Hpmax) ™' << (7 + Apmax) ", for all X € C such that 7y := Re A > 0.

Remark 5 T. Kato [6, Part A] considered the differential expression —A+V,
where A is the standard Laplacian on R™ with standard metric and measure
and 0 <V € LL (R™). Assuming V € Li.(R"™), Kato proved the property
(1) of Theorem 3 and Theorem 4 for all 1 < p < +00. Assuming 0 <V €
LY (R™), Kato proved the property (2) of Theorem 3 for 1 < p < +o0o. In his

proof, Kato used certain properties (specific to the R™ setting) of (—Agmax +
)Y, where v > 0 and —Ag max 1S the self-adjoint closure of —A|Cé>o(]Rn) m



L*(R™), which enabled him to handle the cases p = 1 and p = oo. In the
context of mon-compact Riemannian manifolds, we use LP-theory of elliptic
differential operators, which works well for 1 < p < +o0.

1.4 Accretive operators and contraction semigroups

Here we briefly review some terms and facts concerning accretive operators,
m-accretive operators and contraction semigroups. For more details, see, for
example, [7, Sec. X.8] or [5, Sec. IX.1].

A densely defined linear operator 7" on a Banach space Y is said to be accretive
if for each v € Dom(T") the following property holds: Re(f(7'w)) > 0 for some
normalized tangent functional f € Y* to u. An operator T is said to be m-
accretive if T is accretive and has no proper accretive extension.

Let Y be a Banach space and let T:Dom(7) C Y — Y be a closed linear
operator. Let p(T') denote the resolvent set of T'. By [7, Theorem X.47(a)], the
operator 1" generates a contraction semigroup on Y if and only if the following
two conditions are satisfied:

(1) (=00,0) C p(T);
(2) for all A > 0,

1
T+ <=
T+ 37 < 5

where || - || denotes the operator norm.

By [7, Theorem X.48], a closed linear operator T on a Banach space Y is
the generator of a contraction semigroup if and only if T' is accretive and
Ran(Ag +7) =Y for some A\g > 0.

By the Remark preceding Theorem X.49 in [7], the following holds: if a closed

linear operator 17" on a Banach space Y is the generator of a contraction semi-
group, then 7' is m-accretive.

2 Preliminary Lemmas

In what follows, we will use the following notations for Sobolev spaces on
Riemannian manifolds (M, g).



2.1 Sobolev space notations

Let k& > 0 be an integer, and let 1 < p < +00 be a real number. By W*?(M)
we will denote the completion of C'2°(M) in the norm

k
lullfyes =D 1V ullZ, (3)
=0

where V'u is the [-th covariant derivative of u; see [2, Sec. 1] or [8, Sec. A.1.1].

Remark 6 If (M,g) has bounded geometry, then by [2, Proposition 1.6] it
follows that W*P(M) = {u € LP(M) : Vlu € LP, for all 1 <1 < k}.

Remark 7 Under the assumption that (M, g) is a complete Riemannian man-
ifold (not necessarily of bounded geometry) and 1 < p < +oo, the first and
the second paragraph in the proof of [9, Theorem 3.5] give the proofs of the
following properties:

(1) the operator Apmin = Anr|ose(ary is accretive (hence, closable);
(2) the closure A, min generates a contraction semigroup on LP(M);
(3) (—00,0) C p(Apmn) and

- 1
I|(A+ Ap,min)’lH < T for all A > 0, (4)

where || - || denotes the operator norm (for a bounded linear operator
LP(M) — LP(M));

(4) the resolvents (A 4+ Apmin) ™' and (A + Agpmin) "', where X > 0, are equal
on L*(M) N LP(M).

Remark 8 By an abstract fact, the properties (2) and (3) in Remark 7 are
equivalent; see [7, Theorem X.47(a)].

Remark 9 Assume that (M, g) has bounded geometry and 1 < p < +o0. Then

by [8, Proposition 4.1] it follows that A, max = Apmin- Thus, the properties (2),
(3) and (4) of Remark 7 hold with Ay min Teplaced by A, max.

2.2 Distributional inequality
Assume that 1 < p < 400 and A > 0, and consider the following distributional

inequality:

(Ay+MNu = v >0, ue LP(M), (5)



where the inequality ¥ > 0 means that v is a positive distribution, i.e. (v, ¢) >
0 for any 0 < ¢ € C°(M).

Remark 10 It follows that v is in fact a positive Radon measure (see e. g. [3],
Theorem 1 in Sec. 2, Ch. II).

Lemma 11 Assume that (M, g) is a manifold of bounded geometry. Assume
that 1 < p < +o0. Assume that u € LP(M) satisfies (5). Then u > 0 (almost
everywhere or, equivalently, as a distribution).

For the proof of Lemma 11 in the case p = 2, see the proof of Proposition
B.3 in Appendix B of [1]. In the proof of Lemma 11, which we give in Sec. 4
below, we adopt the scheme of proof for the case p = 2 from [1, Appendix B].

2.3 Kato’s inequality

In what follows, we will use a version of Kato’s inequality. For the proof of a
more general version of this inequality, see [1, Theorem 5.7].

Lemma 12 Assume that (M, g) is an arbitrary Riemannian manifold. As-
sume that u € L (M) and Apu € LL (M). Then the following distributional

loc loc

inequality holds:

Aplul < Re((Apu)signa), (6)

where

L if () £0,

0 otherwise.

signu(x) =
Remark 13 For the original version of Kato’s inequality, see Kato [4, Lemma
AJ.

In the sequel, with the help of Lemma 11, we will adopt certain arguments of
Kato [6, Part A] to our setting.

Lemma 14 Let (M,g) be a Riemannian manifold. Assume that 1 < p <
+o00. Assume that 0 <V € LL (M), u € Dom(Hpmax) and X € C. Let
[ = (Hpmax + Nu.

Then the following distributional inequality holds:

(ReA+ Ay +V)u| < |f]. (7)



Proof Since u € Dom(H, max) it follows that Vu € L (M) and Hppaxt €
LP(M) C L (M). Thus v € Li (M) and Ayu € Li (M). By Kato’s in-
equality (6) we have

(ReA+ Apr +V)|ul < Re[((A+ Ap+ V)u)signu] =
= Re(fsignu) < |f],

and the Lemma is proven. 0

In the sequel, we will always assume that (M, g) is a manifold of bounded
geometry.

Lemma 15 Assume that 1 < p < 400 and 0 <V € L (M). Assume that
A€ C and v:=ReA > 0. Then the following properties hold:

(1) for all w € Dom(H, max), we have
Yullp < N+ Hpmax)ullp; (8)
(2) the operator A\ + Hpmax: Dom(H) max) C LP(M) — LP(M) is injective;
(3) for all uw € Dom(H, max) such that (A + Hpmax)u > 0 (where A > 0), we
have u > 0.
Proof We first prove property (1). Let u € Dom(H,max) and f = (A +
Hp max)u. By the definition of Dom(H) max), we have f € LP(M), where 1 <

p < +oo. Since V' > 0 and since Vu € L (M), from (7) we get the following
distributional inequality:

(v + Am)lul < |f] (9)

By property (3) of Remark 7 and by Remark 9, it follows that

(7 =+ Ap,maX)il: Lp(M> - LP(M)

is a bounded linear operator.

Let us rewrite (9) as

(v + D) [(7 + Apma) T f| = Jul] 2 0.

Note that

(v + Apmax) ' f] € LP(M) and lu| € LP(M).



Thus, ((7 + Apmax) | f| — |u|) € LP(M), and, hence, by Lemma 11 we have
(v 4 Apmax) " f| = |ul >0, ie.

lul < (7 + Apmax) - (10)

By (4) and by Remark 9 it follows that

1
10y + Apmax) 1l < ;Hfl\p- (11)

By (10) and (11) we have

B 1
lully < Ny + Apaa) 11l < gllf\lp,

and (8) is proven.

We now prove property (2). Assume that « € Dom(Hp max) and (A+H, max)u =
0. Using (8) with f = 0, we get |lu||, = 0, and hence u = 0. This shows that
A+ H) max 1s injective.

We now prove property (3). Let A > 0 and assume that © € Dom(H, max)
satisfies

f = (Hpmax +A)u > 0.
We claim that w is real. Indeed, since (H,max + A)u = f, we have (Hpmax +

A)(u—u) = 0. By property (2) of this lemma we have u = u. Since f > 0 and
A >0, by (7) we have

A+ Ay +V)u| < f. (12)

Subtracting f = (A 4+ Hpmax)u from both sides of (12) we get
A+Ay+V)v <0, where v := |u| —u > 0.

Since V' > 0, it follows that (A+ Ajs)v < 0. By Lemma 11 we get v < 0. Thus

v =0, i.e. u = |u| > 0. This concludes the proof. O

Lemma 16 Assume that 1 < p < 400 and 0 < V € L{ .(M). Then the
following properties hold:

1) the operator H, .« 1s closed;
p7



(2) the operator X\ 4+ Hpmax, where Re A > 0, has a closed range.

Proof We first prove the property (1). Let ux € Dom(Hpmax) be a sequence
such that, as k — 400,

wp = w, [ = Hpmaxty = Ay + Vuyp — f in LP(M). (13)

We need to show that v € Dom(H, max) and Hp pmaxtt = f.

By passing to subsequences, we may assume that the convergence in (13) is
also pointwise almost everywhere.

The distributional inequality (7) holds if we replace u by uy —w;, f by fr — fi
and A by 0. With these replacements, we apply a test function 0 < ¢ € C°(M)
to (7) and get

0 < (Viu, —wl, o) < (|fi — fil,®) — (Anr|ur — wl, ¢), (14)

where (-, -) denotes the anti-duality of the pair (D'(M), C®(M)).

Using integration by parts in the second term on the right hand side of the
second inequality in (14), we get

0< (Viug —wl,¢) < ([fe = fil, &) = (lur — wl, Ang). (15)

Letting k,l — +o00, the right hand side of the second inequality in (15) tends
to 0 by (13). Thus Vug¢ is a Cauchy sequence in L'(M), and its limit must
be equal to Vug. Since ¢ € C2°(M) may have an arbitrarily large support, it
follows that Vu € Lj, (M). Thus Vuy, — Vu in LL (M) and hence in D' (M).
Since uy — w in LP(M) (and, hence in L (M)), we get Apup — Apu in
D'(M). Thus, fr = Apug + Vur — Apyu + Vu in D'(M). Since f, — f
in LP(M) C D'(M), we obtain Ayu + Vu = f € LP(M). This shows that
u € Dom(Hp max) and Hy, maxw = f. This proves that Hp yax is closed.

We now prove the property (2). Since Hj max is closed, it immediately follows
from (8) that A + Hjmax has a closed range for Re A > 0. O

Lemma 17 Assume that 1 <p < 400 and 0 <V € L} (M). Let A € C and
v:=ReA > 0. Then the following properties hold:

(1) the operator A + Hp max: Dom(H, max) C LP(M) — LP(M) is surjective;
(2) the operator (A\+ Hpmax) ™ LP(M) — LP(M) is a bounded linear operator
with the operator norm

1A+ Hpe) ] < 1/ (16)



Proof We first prove the property (1). Since A + H, max has a closed range
by Lemma 16, it is enough to show that (A4 Hy min) Co°(M) is dense in LP(M).
Let v € (LP(M))* = L (M), where 1/p + 1/p' = 1, be a continuous linear
functional annihilating (A + Hp min)Co®(M):

(A + Hpmin)p,v) =0, for all ¢ € C°(M), (17)

where (-,-) denotes the anti-duality of the pair (LP(M), L¥ (M)).
From (17) we get the following distributional equality:

(S\—FAM—FV)’U:O.

Since by hypothesis V' € L (M) and since v EﬁLp/(M ), by Holder’s inequality

loc

we have Vv € Ll _(M). Since Ayv = —Vv — I, we get Apyv € L (M). By
Kato’s inequality and since V' > 0, we have

Aprv] < Re((Apv)signd) = Re((—Av — Vo) signv) < —(Re A)|v],

and, hence,

(A +Re))|v] <0.
Since v € L¥ (M) (with 1 < p’ < +00) and since Re A = Re A > 0, by Lemma 11
we get |v| < 0. Thus v = 0, and the surjectivity of A + Hj, max iS proven.
We now prove the property (2). Assume that A € C satisfies v := Re A > 0.
Since A+ Hy max : Dom(Hp max) C LP(M) — LP(M) is injective and surjective,

the inverse (A + Hpmax) " is defined on the whole L?(M). The inequality (16)
follows immediately from (8). This concludes the proof of the Lemma. O

3 Proofs of main results
3.1 Proof of Theorem 3

We first prove the property (1). By Lemma 17 it follows that (—o0,0) C
p(Hp max) and

H()‘ + Hp,max)_lu < -, for all A > 0.

> =

10



Thus, by [7, Theorem X.47(a)] it follows that H, m.x generates a contrac-
tion semigroup on LP(M). In particular, the operator Hy max is m-accretive;
see Sec. 1.4 above.

We now prove the property (2). By property (1) of this lemma it follows
that Hpmax is m-accretive; hence, H, min = Hp,max|Cg°(M) is accretive. By an
abstract fact (see the remark preceding Theorem X.48 in [7]), the operator
H), in is closable and H), iy is accretive. Let A > 0. By the proof of property
(1) in Lemma 17 it follows that Ran(\ + Hpmin) dense in LP(M). Using (8)
and the definition of the closure of an operator (see, for example, definition
below equation (5.6) in [5, Sec. II1.5.3]), it follows that Ran(A + Hpmin) =
LP(M). Now by [7, Theorem X.48] the operator Hy, i, generates a contraction
semigroup on LP(M). Thus, by the remark preceding Theorem X.49 in [7], the
operator H), i, is m-accretive. Since H, in C Hpmax and since Hj i, and

H, max are m-accretive, it follows that Hp min = Hp max-

This concludes the proof of the Theorem. O
3.2 Proof of Theorem 4

We first prove the property (1). Let A > 0, let 0 < f € LP(M) be arbitrary,
and let v := (Hpmax + A) "' f. Then (Hpmax + A)u = f > 0, and, hence, by
the property (3) of Lemma 15, we have u > 0. This proves the inequality
0 < (Hpmax +A) 7"

We now prove

(Hpmax +A) 7 < (Apmax +A) 71 (18)

Let 0 < f € LP(M) be arbitrary and let u := (Hppax + A) 7' f. Then 0 < u €
Dom(Hp max), and, hence, using (10) with v > 0 and f > 0 we get

U< (Apmas + V). (19)
By (19) with u = (Hpmax + A) "' f, we immediately get (18). This concludes
the proof of property (1).

We now prove the property (2). Let v := Re A > 0. Let f € LP(M) be arbitrary
and let u := (Hpmax + A) "' f. By (10) we have

|(Hpmasx + A) 7 f| < (Apmax + 7)1,
and property (2) is proven.

11



This concludes the proof of the Theorem. O

4 Proof of Lemma 11
We begin by introducing some additional notations and definitions.

4.1 Sobolev spaces W=2(M) and W2P(M)

Let 1 < p < +o00 and let A > 0. Define

W22 (M) := (Ap + N LP(M)

and

W2P(M) = {u € LP(M) : Ayu € LP(M)}.

The norms in W2?(M) and W~27(M) are given respectively by the formulas

[ollap = 1 (Ax + Ml (A +A) fll2p = [l (20)

where || - ||, is the norm in LP(M).

Let 1 <p < 4ooand 1/p+1/p" =1. By (:,-)s we denote the anti-duality
() W2P(M) x WP(M) — C, (21)

of the spaces W~22(M) and W2 (M) obtained by extending the anti-duality

of the pair (LP(M), L¥ (M)) by continuity from C®(M) x C=(M).

The extension of the anti-duality (21) from C°(M) x C°(M) is well de-
fined because C2°(M) is dense in both spaces WP (M) and W~*P(M) in the
corresponding norms (20). Indeed, density of C°(M) in W?2# (M) means sim-
ply that (Ay + A\)C(M) is dense in L” (M). To establish this, let us take
f € (LP(M))* = LP(M) which annihilates (A + \)C(M):

(f, (Ap 4+ M) =0, for all p € C°(M),

where (-,-) denotes the anti-duality of the pair (LP(M), L*' (M)).

12



This implies that (Ay + A)f = 0 in the sense of distributions, i.e. f is in
the null-space of A, nax + A, Where A, ax is as in Sec. 1.2. By Remark 7
and Remark 9 it follows that f = 0.

Similarly, density of C°°(M) in W~2?(M) means that (Apmax + A) " C (M)
is dense in LP(M). To prove this, consider h € (LP(M))* = L? (M) such that
h annihilates (Apmax + A) 1O (M):

((Apmax + )\)*1¢, h) =0, for all ¢ € C°(M),

where (-, -) denotes the anti-duality of the pair (LP(M), L¥' (M)).
This implies that

(¢, ((Apmax +A) 1) h) =0, for all ¢ € C°(M). (22)

We will now show that

((Apmax +A) )" = (Apmax +A) 7 (23)

By Remark 7 and Remark 9 it follows that (A, max +A) 7! and (Ay max +A)7*
are bounded linear operators on LP(M) and L¥ (M) respectively. Thus, since
C>(M) is dense in LP(M) and L? (M), it suffices to show that

<(Ap,max + /\)_1¢7 ¢> = <¢? (Ap’,max + /\)_1@7 fOI' au ¢7 1/} S CCOO(M)

By property (4) of Remark 7 and by Remark 9 we have for all ¢, € C°(M):

(Apmax +A) 710, 0) = ((Azmax +A)7'0,0) =
- <¢7 (A2,max + >‘>_1¢> = <¢7 (Ap’,max + A)_1¢> (24>

The second equality in (24) holds since (Ag max+A) ! is a bounded self-adjoint
operator on L*(M) (it is well known that, for a complete Riemannian manifold
(M, g), the operator As .« is a non-negative self-adjoint operator in L?(M);
see, for example, [2, Theorem 3.5]).

Thus, from (22) and (23) we get ((Apmax + A) 7 )*h = (Aymax + A)"th = 0.
But this means that A = 0.

In the sequel, we will use the following lemma.

Lemma 18 Assume that (M, g) is a manifold of bounded geometry. Assume
that 1 < p < +00. Assume that 0 < ¢ € C°(M) and X\ > 0. Then there exists

13



a unique u € LP(M) such that

(Ay+Mu = ¢, (25)

and u > 0.

Proof The existence and uniqueness of solution v € LP(M) to (25) follows
by property (3) in Remark 7 and by Remark 9; just take

u= ()\ + Ap,max)_1¢'

To show that u > 0, we first note that ¢ € L*(M) N LP(M). By the property
(4) of Remark 7 and by Remark 9 it follows that

A+ Apmax) 10 = (A + Az nax) 10 (26)

By the proof of [1, Theorem B.1] it follows that

w:=(A+ Ag,max)_lgzﬁ

satisfies (25) (with u replaced by w) and w > 0.

Now by (26) we have w = u, and, hence, u > 0. This concludes the proof of
the Lemma. 0

Remark 19 Let 1 < p < 4o0. If u € LP(M) satisfies (25) with ¢ € C(M),
then it is well known (by using standard elliptic reqularity and Sobolev imbed-
ding theorems) that u € C*°(M).

4.2 Proof of Lemma 11

We will adopt to the LP-setting the arguments from [1, Appendix B] that were
used in the L%-setting. Let 1 < p < +o00 and let A > 0.

Take a test function ¢ € C2°(M) such that ¢ > 0. We need to prove that

/wﬁdu > 0.

Let p’ satisfy 1/p+ 1/p’ = 1. Let us solve the equation

(A +NyY =9, ¥eLlV(M).

14



By Lemma 18 and Remark 19 it follows that ¢» € C*°(M) and ¢ > 0 . So we
can write

/wbdp = /u(AMw—l— ) d. (27)

Now the right hand side can be rewritten as

Julda + 20y di = (Au+Nuw)y = o), (28)

where (-, -) is the anti-duality of W~=2P(M) and W2 (M) as in Sec. 4.1.

Next, will show that

(v, 9)g = / Y (29)

(the integral in the right hand side makes sense as the integral of a positive
measure (see Remark 10), though it can be infinite.) Then, we will be done
because the integral is obviously non-negative.

We will establish (29) by presenting the function ¢ as a limit

v = fim e o

where 1, € CX(M), 1p > 0, ¥ < 9p41, and the limit is taken in the norm
| - |l2pr- Then the equality (29) obviously holds if we replace 1 by v, so in
the limit we obtain the equality for .

We take 1 = xxt0, where x € C°(M), 0 < xx < 1, xx < Xg+1, and for every
compact L C M there exists k such that |, = 1.

Since ¢ € LP' (M), we obviously have ¢y, — 1 in L” (M), as k — +oo. We
also want to have Ay, — Aypp in LY (M). Clearly,

Ay = XeAm — 2(dxr, d)re s + (Aarxe) ¥, (31)

where (-, -)7»y denotes pointwise scalar product of 1-forms dx; and di.

Since (Ay + A\ = ¢ € C°(M) and since ¢ € LP (M), it follows that
1 € Dom(A max). Hence, we have

15



Since 1 < p < 400, it follows that 1 < p’ < 400, so by [8, Proposition 4.1],
we have Dom(Ay max) = W' (M), where WP (M) is as in Sec. 2.1. Thus,
by Remark 6 we have dip € LY (A'T*M), where LP (A'T* M) denotes the space
of p/-integrable 1-forms on M. On the other hand, dx;, — 0 and Ap;x, — 0
in C>°(M).

To conclude the proof, it remains to construct y; in such a way that

sup |dyx(z)| < C,  sup [Ayxi(2)] < C, (32)
zeM xeM

where C' > 0 does not depend on k.

In the case of any manifold of bounded geometry (M, g), the construction of
X satisfying all the necessary properties can be found in [8, Sec. 1.4]. O
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