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Abstract

After presenting several applications of Kloosterman sums in analytic
number theory, generalized Kloosterman sums attached to Gauss sums
over the ring of 2" elements are explicitly evaluated and are shown to be
sines and cosines.

1 Introduction

In the last century Kloosterman sums have played an increasingly important role in the
analytic theory of numbers. First evaluated by Salié¢ [10] in 1929, Kloosterman sums
are a type of exponential sum which are finite analogues of Bessel functions. They
appear in the Hardy-Ramanujan-Rademacher formula for the partition function p(n)
where p(n) is the number of ways of writing n as a sum of integers. More general
Kloosterman sums of order n are associated with metaplectic forms on GL(2) in Kazh-
dan and Patterson [6]. Gelfand, Graev, and Piateski-Shapiro [4] gives interpretations of
Kloosterman sums involving representations of p-adic GL(2).

We should note that Kloosterman sums were first introduced by Kloosterman in the
context of estimating the number of representations of an integer by a quadratic form,
i.e. the number of (z,y) in Z x Z such that ax? + bxy + cy? = n for fixed n and a, b, c
integers.

Besides appearing in the Fourier coefficients of modular forms, estimates of these
sums play an important role in giving partial results to the now proved Ramanujan
conjecture (see Selberg [11]). Weil [12] found the estimate of Qp% for the sums mod p
using the Riemann hypothesis for zeta functions for curves over finite fields. Deligne
gives an efficient way to estimate sums over finite fields but sums over finite rings
which are not fields are less well-understood.

Although Kloosterman sums of odd prime powers have been studied extensively,
many authors avoid the case where p = 2. This case is important as Kloosterman



sums for fields of characteristic 2 have been useful in error-correcting codes [1] and
Kloosterman sums over the ring of integers modulo p" have been helpful in studying
the spectra of Euclidean graphs (see [3], [8] and [9]). After stating some well-known
facts about Kloosterman sums, we evaluate several generalized Kloosterman sums.

We begin by introducing Kloosterman sums K (a, b) and defining the general-
ized Kloosterman sum K'(a, b). After quickly simplifying K’ (a, b) and reviewing
Salié’s results, we evaluate K'(a, b).

2 Definitions

Here Zy- is the quotient ring of integers Z modulo the ideal of multiples of 2.
DEFINITION: For v € Z3, the Gauss Sum is defined by

GSJT) = Z e%é‘#.

YEZLgar
DEFINITION: If « is a character of the multiplicative group Z3., then define
the Kloosterman sum
wi(av+bT
K"(k | a,b) = Z f{(v)e2 .
vELY;

where ¥ is the multiplicative inverse of v mod 2" such that v = 1 mod 2".
We define the generalized Kloosterman sum

K'(a,b) = > [G]"e
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This sum is generalized in that it contains a Gauss sum of order n inside of it.
This sum is encountered in the evaluation of eigenvalues of the adjacency matrix
associated to Euclidean graphs over rings modulo 2".

2.1 Simplification of K'(a,b)

Forr > 3,
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Figure 1: A Euclidean graph modulo 8 created using Mathematica

We now reduce K’ (a, b) to the cases where n = 0, 1, 2, or 3 mod 4.For Euclid-
ean graphs, n corresponds to the dimension of the vertices of the graphs. In Figure
1, the Euclidean graph has dimension n = 2. Thus there are 64 vertices as each
vertex corresponds to [k, k] where k is an integer mod 8.
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for n = 1 mod 4,
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_ oM=L (71)TLT73 {=K'(a,b;x;) + K'(a,b;x5)} forr even
2%(71)%_3 {—=K'(a,b;x3) + K'(a,b;x4)} forr odd.

3 Kloosterman Sums

Salié ([10], pp.91-100) explicitly calculated the Kloosterman sum S(a,b;2"),
which we denote as K (a, b; x;), on Z/2"Z with r > 1 where

Sab2)= Y TF
2t

o<v<2”

Katz [5] interprets Salié’s work as a method of stationary phase and uses the
. 2mif(x) . .
Taylor expansion of f to evaluate sums of e~ »~ over z mod p”. This rewrites

the sums as a sum over  with f/(x) congruent to 0 mod p’ for 0 < j < r and an
inner sum which is a Gauss sum if 2”77 > r and p odd.

We use the notation K, (a, b; x;) below in cases where a specific  is chosen.

4 Evaluation of K'(a,b;x,)



4.1 Properties of K'(a,b; x;)

27i

Lete=e3".

We first look at the symmetry property of K'(a, b; ;). If at least one of a or b
is odd we see below that K'(a, b; x;) = K'(1, ab; x;) by the change of variables
w = av, W = av and T = aw where a is odd. We also notice that K'(a, b; x;) =
K'(—a, —b; x1).Now we derive some formulas for various a and b.

Forr =1,

K'(a,b;x;) = (-=1)**".
For r > 2 the numbers v where 2 { v have inverses T such that vo = 1 mod 2". We
can represent v as v = w + 2" s where 2 f w, w = 1,...,2" "' — 1, and s = 0
or 1. It is easy to verify that T = w — 2"~ 'sw> mod 2" for r > 2.If either a or b
is odd, substituting gives

Klabixa) = D0 L4 (-1
2tw

o<w<2r—1

Since w is odd, w? is odd which gives:

Lemma 1l K'(a,b;x) is zero iff a # bmod 2 for r > 2.

Proof. See Salié¢ [10], p.98.

Theorem 2 [fab # 1 mod 8, then K'(a,b; x;) is zero for r > 6.

Proof. See Salié [10], p.98.

By Lemma 1 and Thm. 2, we may assume both a and b odd. Also, since any
@b = 1mod 8 can be written as @b = ¢2 mod 2¥ for k > 3, we can assume that
ab = c?mod 2",

4.2 Evaluation of K'(a,b; \,)

Theorem 3 Given a and b odd such that @b = ¢*> mod 27,

ac—1

dzac 4 (—1)"z ﬂ Sforevenr > 6

dzac | mac] Joroddr > 9.

COS

K'(a,b;xy) = 2°% {

Proof. See Salié [10], p.98.



We recall from p. 101 of Salié that

K'(abix34) = (-1)F2,
K'(a,b;x,:8) = 0,
K (0bixis16) = 4(-)*5 V2,
(a b;x1;32) = 0,
and
K (a,b:x:128) = —32cos {417;?#%}

4.2.1 Comparison with Salié

Referring to p.100 of Salié [10] we see that if 2 { v we have

S(l,kQ;ZT) _ Z Ev—i-kzﬁz Z chvtku

o<v<2r 0<v<2”
2757 cos [( =N ik 4 } for even r > 6;
= . K21
275 (L1)"% cos [( 1)*5 42k 4 7| for odd 1 > 9.

Using the properties of cosine this is exactly the same formula we derived with
k = ac.

5 Evaluation of K'(a,b; x;) for j =2,3,4

Recall that for 7 > 3 and for j = 2,3,4 where x,(v) = ¥, x3(v) = (%), and
x4(v) =i"(2), we have

K'(a,bix;) = Y x;0)e™ ™7

2w
o<v<2”

Lemmad4 Forv = k+ 2" 5w where w is taken mod 2°, r > 2s > 0 and k odd,
we have
=k — QT*SEQw mod 2".



For s = 1,2,0r 3, we have % =1mod8. Thus

7=k — 2" *wmod 2.

Theorem 5 Given a and b odd such that ab = ¢ mod 27, we have for j = 2
when r > 6 and for j = 4 whenr > 8,

- : 4dmac 1yee=tg
K'(a,b; Xj) — 9% ix; (c) { S?n {472”20 + Eracl) 4} Jfor 1 even,
sin [457€ + <] for 1 odd;
and for j = 3 whenr > 8§,
K'(a,b;x;) = 95 (g> cos 457 + (1T ﬂ Jor r even,
’ c cos 4’2’,‘?0 + %‘C] for r odd.

Proof. Case 1: r even.
Notice that

r
jrot22k v forr >4
and

LT 3 forr > 6.
vo + 22k Vo

Using Lemma 4 with s = £ and v = vy + 22k, 7 = Ty — 22 k03 mod 2" and
substituting into K (a, b; ;) we have

K3 (a,b; Xj) = Z X ('UO)EMJFW

r
v=vg mod 22
2tv

Z X'(UO)Ea(vo+2§k)+b(507kig2%)
J

kmod 2%
_ 2mik(a—bo2)
= e Y e
kmod 2%
B { 2% x (g )0 0 if a = bv2 mod 22
0 otherwise.

This means that we need only to calculate the solutions to vZ = ¢? mod 2. For
r > 6 these are given by vg = +1c and (22~ — 1)c with inverses 7 = *1c
and F( 2772 + 2271 + 1)c respectively.



The sum over all v where r > 6 is

K'(a,byx;) = Z Xj(”)ffav—i—bﬁ

2tv
o<v<2”

= 2% Z Xj(vo)gavwlﬁo
To .
v8£c2m0d25
= 25 {y,(c)et® (1+€—2§_1ac+(2r’2+2§_1)bz>
J

r

+x,(—c)e e (1 + 525_1@—(2“%27—1)%)}
J

Now @b = ¢?> mod 2" implies that 5¢ = acmod 2". Thus we substitute bc =
ac + 2" q into the above equation. When j = 2 forr > 6 or j = 4 forr > 8, we
have

. ac—1 i ac—1
K'(a,b;x;) = 2°F {xj(c)e%ce%(l) e 71 e e A S }
T 4 ac—
= 9% z'xj(c) sin { rac (—1)"z 1% for r evenand ¢ = 2, 4.

When j = 3 for r > 8, we have

K’(a,b;xj) - 95 2) {€2ac€%(1)acz1 +€2ac2§k66_z’7(1)%}
c

I 2 4 ac—
= <—> cos [ rae 4 (-1)7= T for r even and i = 3.
c

I
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Case 2: r odd.
Notice that

r—1
jrot2 Tk — v forp > 5

and

2 2
(—) _ <_) forr > 7.

Uo+QTk} Vo

Again we use an argument similar to Case 1. Let v = vy + 25 kand U =



To — kT32°F mod 2. Substituting into K:*(a, b; x;) gives us

Ky (a,b;x;) = > X ()™t
r4+1
v=vgmod2 2
2tv

1 1
_ X 4(U0)€a(vg+252>— k)+b(To— ko227 F)
§ : j

r—1
kmod2 2

2ﬂik(a—bﬂa)

— —1

= xj(wp)e™oto N e 27
r—1
kmod2 2

r=1 il . _ r=1
_ 277 x(vg)e ™o b0 ifa = o2 mod 272
0 otherwise.

Thus the sum is zero if ba is not a square modulo 2°7" . We need only to calcu-

late the solutions to v = ¢? mod 2°7" . These are given by vg = %1, :I:(QT%3 —
r—3

1)¢, £(2°2° +1)c, and +(2° 7 —1)c with inverses Ty = +1¢, £(—2"3-2"7" —

1)c, £(2773 — 22" + 1)¢, and +(— 2"~ — 2"2 — 1)c respectively.
For r > 9 the sum over all v after reduction is

r—3 T_ r=3 . _
K'(abixg) = 277 {x;(e)e" (172 T et GO
r—3 _3 =38 r—1 1,5zt
+€2 2 ac+(2"7°—272 )bc + 5_2 2 ac+(277 4272 )bE)
+X-(*C)6iacib5(1 + EQ%Sac+(72T_372%3)bE
J
r—3 r—3 r—1 r—1
+€—2Tac—(2“3—27)b5+€2Tac+(—2“1—27)bz}
Substituting 6¢ = ac + 2" ¢ into the above equation gives us
K/((L, b; X]) _ 2%{Xj(_c)g—2ac—2rq (1 + 6—2T73ac + 6—2T73ac + 8—2T71a0)
+Xj(0)62“°+2r‘1 (1 g2 Pae 4 27 Pac 4 52T71ac)}

miac —miac

= 2%1{)@(—0)5_2“ (1 +eTT +e T + e‘”i“c)

miac

+x;(e)e (1 +e

Since ac is odd, we have for j = 2,4

+ 6% + 671'7;(10)}.

—miac

Klabixg) = 270 (2675 e (27}

4
72rizc + %} forr > 9.

r+3 |

= 277y (c) sin[




Substituting b¢ = ac + 2" q into the above equation for j = 3 gives us

r 2 dmac =~ mac
K’ ) =27 (2 —.
(a,b;x;) T (Z)cos |0 + 1

6 Summary of Evaluations and Observations

Notice that for r > 8 we have K'(a,bjx3) = (2)K'(a,b;x;) and
K'(a,b;x4) = (3)K'(a,b; ;). Below we summarize the results for the gen-
eralized Kloosterman sums K’ (a, b).

For all ¢ and b where @b = ¢? mod 27 and r > 8, we have:

for n = O mod 4,

n(r+1) n

K'(a,b) =272 (=1)iK'(a,b;x1);

forn = 1 mod 4,

n(r+1)—1 n—1 2 r
K'(a,b) = 255 L1y (—) (K (@b x0) + K'(a, b xa)}

c

for n = 2mod 4,
K'(a,b) = 257 (=1) "7 K'(a,b: x,);

for n = 3mod 4,

K'(a,b) = 2" (=) T (g) {—K"(a,b; x1) + K'(a,b; x2)}

c
where
4rac T ac—1
- 1= >
K'(a,b;x,) =27 { kS + :a(c )™= } for even r > 8
cos [454¢ 4 Zac] forodd r > 9:

and

i—(+9) gin drac 4 %(—1)‘”’51} forevenr > 8

K'(a,bixy) = 2%
2 i~ (14 gip [% + %] forodd r > 9.

Notice that the simplification of these sums resulted in real values. Since these
sums are related to the eigenvalues of the adjecancy matrices of Euclidean graphs

10



which are real, symmetric matrices, we should expect the Kloosterman sums to be

real.
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