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Integrating the Gaussian function

The integral
o0 2
IE/ e T dr

— 00
plays a fundamental role in probability and statis-
tics.

It is well-known that the integrand does not
have an elementary antiderivative. However
the integral can be evaluated by the following
remarkable trick attributed to Poisson.

Squaring I, we have
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Transforming to polar coordinates

x =1rcosf, y=rsinf



gives
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Does it work in other cases?

Which other functions can be integrated by
this method?

Consider the integral

I = /O:Of(:c)da:

Proceeding as before

P=([" t@dz)( [~ s ay)
= [ [ 1@ ) dedy

In order to continue the method further there
must exist functions g and h such that

(@) f(y) = g(z® + y*)h(y/x).



We will then have
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We now need to compute these integrals. This
will not always be possible.

Which functions f admit a decomposition

(@) f(y) = g(z® + y*)h(y/x)

where the functions g(x) and h(tan@) have el-
ementary antiderivatives?



Theorem 1. Suppose f : (0,00) — R satisfies
an equation of the form

f(@)f(y) = g(z® + y*)h(y/x), z,y > 0.

Also assume there exist d and A > 0 such that

im z % (z) = A. (IC)
x—0T

(say f(z) ~ Az? as z — 07T1).

Then f has the form

f(x) = Agdec™®

The functions g and h are unique (up to scalar
multiples) and are given by

g(z) = Ajae”,

he) = A2<1 —fx2>d

where A{ A, = A.



Defining 00 5
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we have
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Can these integrals be evaluated?

T he existence of the first integral requires that
d > —1 and ¢ < 0. The evaluation of the sec-
ond integral requires that d be an integer. But
then the integral
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can be evaluated in terms of

o0 —372
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by substitution and integration by parts.

Poisson s trick to integrate 6—9‘52 is of no further
use as an integration method!



Proof of the theorem

We assume
f(z) f(y) = g(z® + y?)h(y/z). (1)

Firstly, note that hA(1) #= 0 otherwise taking
y = x in (1) shows f = 0, contradicting the
initial condition. We suppose wlog h(1) = 1.

Taking y =2 in (1) we get

f2(z) = g(22°).
Substituting for g in terms of f in (1)

F@) @) = P20/ (@2 +42)/2Dh(y/z)  (2)
Define
F(z) = o~ f (a),
so that

im F(z) = A > 0.
x]0



Writing (2) in terms of F', we have

(2xy) F(z)F(y) = (z° + y?)%x

F2(\/ (22 + 42) /2)h(y/z) (3)
Set y = tx to get

(2t)4F (z)F(tz) = (1—|—t2)dF2(ac\/(1 + %) /2)h(1).

Letting x — O,
(26)%A% = (1 4+ t2)CA%K(t)

and we conclude that

2t \d
) = (1 —|—t2) '
Substituting this into (3) gives
2 2
2 <+ y
F(z2)F(y) = F (J ! )

Note that this equation implies F'is non-negative.
We now show that F' is non-vanishing.



Suppose F(yp) = 0 for some yg. Then

2
x2+yo
2

F(x)F(yp) = F? (\

implies F(y) = 0 for all y > yo/ﬁ. Iterating
this step, we see that F' = 0 contradicting IC.
Thus F'is strictly positive. Define

al(z) =log F(y/x) —logA, £ >0
a(0) = 0.
Then « is continuous at O and satisfies

x4+ vy

o(z) + a(y) = 2af ), zmy>0. (4

Setting y = 0, we have a(x) = 2a(xz/2) and
substituting this into (4) gives

a(z) + aly) = alz +y).

This implies that o has the form a(z) = cz.



Solving for F' in
a(z) =log F(y/z) —log A
we get
F(x) = Ae™?,

Thus

f(x) = 24 AecT”

and the theorem is proved.



Changing the initial condition

What happens when f decays or explodes at
exponential or logarithmic rate at zero?

Theorem 2. Suppose f(x) ~ e/*" as z — 0t

for some c# 0 and d > 0. Then there exist no
functions g and h such that

(@) f(y) = g(z® + y*)h(y/x).



Proof. As in the proof of Theorem 1, we have

x? + y2) h(y/x)

f(af)f(y)=f2(J )

Set y = tx to get

2
F@) (k) = £2 (a:«| S ),f((?)

Define
F(z) = e f(2).

Writing the previous equation in terms of F,
fixing t > 0 and letting x approach 0O, gives

h(t) = lim h(1 CH 5
(= tim (Dexp{ZH®)}  (5)

where




Note that H(t) is negative if

1
- .
\/2#1 —1

In the case ¢ < 0, equation (5) implies that for
t in this range, h(t) fails to exist.

t<tO:

In the case when ¢ > 0 (f(x) blows up as x —
0), equation (5) implies that h(t) = O for t < ¢;.
Recall

2 h(1)

Fix a point  such that f(z) %= 0 and let y — O.
We conclude that f(y) = 0 for y in a neighbor-
hood of 0, a contradiction.

f(a:)f(y)=f2(J s L



Theorem 3. Suppose

f(z) ~log’z, z—0F (6)

for some d = 0. Then there are no functions
g and h satisfying

f(@)f(y) = g(z® + y?)h(y/x). (7)

Proof. The preceding argument shows that if
both (6) and (7) hold then

~(log®z) log®(tx)
M) =1L 2?8 Ingd(:cT)

(Iogd:r;)(logx + log t)d

= h(1)lim 5

z|0 (Iogx 4+ log T>

— h(1)



Thus we have

72 2
f(w)f(y)=f2<J T ()

This is inconsistent with the IC

f(z) ~log%z, = — 0t (9)
To see this, substitute y = z2 in (8) to get

1—|—ac2

F@) (@) = f2 (wd Jp. o)

Set F(x) = (Iog_dx)f(x), then F has a non-
zero limit at 0. Write (10) in terms of F and
let x | 0. Then (9) implies

K(Iog z) log(z2)
2
This is incorrect as the above limit is, in fact,

equal to 24 This contradiction proves the the-
orem.

d




Theorem 4. Suppose functions f,g,h satisfy
equation (1) and f is strictly positive and lo-
cally integrable in some interval (0,¢). Then
there exist constants A, A{,A>,d and c such
that

f(z) = Azdec™”,

g(z) = Ajae”,

e) = A2<1 —Ia—2332>d

where A{A, = A.

Proof. We prove the theorem under the as-
sumption that f is C! in (0,¢). The full result
IS an easy extension using Schwartz distribu-
tions.



As in the proof of Theorem 1, we may assume
that h(1) = 1. As before, we derive the equa-
tion

2 4 y2
2

>h(y/a:), x,y > 0.
(11)

F@) () = fQ(J

Setting y = tx gives

2
F(2) F (1) = f2(:1;4 1 J;t )h(t), ta>0. (12)

Replace = by /x/t and denote

t—l—l/t

) f(x) - r(xQ)

S —

Assuming xzt and z/t € (0,€e2), we may write
(12) as

h(t) = T(i’;){;j)/ 2]

Taking the log in (13), differentiating wrt =«
and multiplying by x gives

(13)



R(xt) + R(x/t) = 2R(xs) (14)

where
zr' ()
r(x)

Set xt = a and x/t = b. Then xs = (a+b)/2
and (14) gives

R(z) = z € (0,¢e2). (15)

R(a) + R(b) = 2R(" + b).

Since R is continuous, we that conclude R is a
linear function. Writing

R(x) = cx 4+ d/2

and solving for r in (15) gives (up to a multi-
plicative constant)

r(x) = 22T 5 (0, €2).

Substituting this expression into (13), we ob-

tain
2t \¢
htz( ),t>0.
(t) T2




Equation (11) now reads

(@) f ) = 12 (J - it y2> (:Cfiyyz

Define F(z) = z~%f(z). Then F satisfies the
equation

F(2)F(y) = F2 (J s ;L y2>, z,y > 0.

Arguing as in the proof of Theorem 1, we con-
clude that F(z) = Ae®® for some constant A.

d
) , x,y > 0.

Thus f(z) = Az%c®® as required.



In conclusion

We have studied the existence of solutions to
the functional equation

f@)f(y) = g(=* + y>h(y/z), =,y > 0.
We showed
(i) if f(z) asymptotic to z¢ at zero, then g and
h exist if and only if
f(x) = Azl

T his conclusion holds without the asymptotic
hypothesis, provided f is locally integrable and
strictly positive in a neighborhood of zero.

(ii) If f has exponential or logarithmic behavior
at zero, then g and h do not exist.



Finally...

There is nothing sacred about polar coordi-
nates. We could consider other changes of
coordinates (z,y) — (u,v) and try to charac-
terize the class of functions f for which there
exist a pair of functions g and h such that

f(@)f(y) = g(u)h(v).



