
Divergence Theorems in Path

Space

Denis Bell

University of North Florida



1. Motivation

Let M denote a closed d-dimensional Rieman-
nian manifold. A basic result in differential
geometry is the Divergence Theorem:

Theorem. Let Z be a C1 vector field on M .
Then for all test functions Φ on M , we have

∫

M
Z(Φ)dx =

∫

M
ΦDiv(Z)dx

where Div(Z) (the divergence of Z)is given in
local co-ordinates by

Div(Z) =
−1

√
det g

d∑

i=1

∂

∂xi
(ai

√
det g)

where g is the metric tensor and
∑d

i=1 ai
∂
∂xi

is
a local representation of Z.

Divergence ⇒ Laplacian ≡ −Div∇ ⇒heat ker-
nel, spectral theory, harmonic functions, har-
monic forms, Hodge theory, index theory,. . .



Generalizing the Divergence Theorem to infinite-
dimensional manifolds is a highly non-trivial
problem. In particular there is no analogue
of the volume form dx in this setting. We seek
to replace dx by a finite Borel measure γ.

For example, consider the manifold X of con-
tinuous paths {w : [0, T ] %→ R/w(0) = 0} and
let γ be the Wiener measure on X.

Suppose h is a path with finite energy
∫ T

0
|h′(t)|2dt.

By the Girsanov theorem

E[Φ(w+sh)] = E
[
Φ(w) exp

(
s

∫ T

0
h′dw−

s2

2

∫ T

0
h′2dt

)]
.

Differentiating wrt s and setting s = 0 gives

E[h(Φ)(w)] = E
[
Φ(w)

∫ T

0
h′dw

]
.



This relation

E[h(Φ)(w)] = E
[
Φ(w)

∫ T

0
h′dw

]

shows that the divergence of h (wrt γ) exists
and is given by

Div(h) =
∫ T

0
h′dw.

In general, the divergence of a C1 map h : X %→
X will not exist, e.g. h(w) = w. Note that

∫ T

0
w′dw

makes no sense.

Problem Given an infinite-dimensional mani-
fold X equipped with a measure γ, construct
a class of vector fields on X for which diver-
gence exists and compute the divergence of
these vector fields.



2. Admissible vector fields

Let X be a Banach manifold and γ a finite
Borel measure on X.

Definition. A vector field Z on X is admissible
if there exists an L1 function Div(Z) such that
for all test functions Φ on X

∫

X
Z(Φ)dγ =

∫

X
ΦDiv(Z)dγ.



Example. The classical Wiener space.

X is the space of continuous paths
{
w : [0, T ] %→ Rn/w(0) = 0

}
.

with the n-dimensional Wiener measure.

Define H to be the Cameron-Martin space
{
h ∈ X

/ ∫ T

0
|h′

t|2dt < ∞
}
.

Theorem. Let h : X %→ H be a bounded ran-
dom adapted path, i.e.

h(s) = f(wu/u ≤ s).

Then h is admissible and

Div(h) =
∫ T

0
h′ · dw.



There exists another class of admissible vector
fields on the Wiener space.

Theorem. Let a be a continuous adapted pro-
cess taking values in so(n) (the set of n × n
skew-symmetric matrices). Define

Z =
∫ ·

0
adw.

Then Z is admissible and Div(Z) = 0.

Proof. Define

wε
t =

∫ t

0
eεadw.

Then w0 = w and dwε

dε /ε=0 = Z. By the in-
finitesimal rotation-invariance of Wiener mea-
sure wε has the same law as w. Hence

E[Φ(wε)] = E[Φ(w)]

Differentiating with respect to ε and setting
ε = 0 gives

E[DΦ(w)Z] = 0.



The use of the above result in the present con-
text is a fundamental insight of Bruce Driver.

Combining the previous two theorems, we see
that processes of the form

∫ ·

0
adw +

∫ ·

0
bdt

where a is a continuous adapted so(n)-valued
process and b is a continuous adapted Rn-
valued process, are admissible.

The space of such processes will be called the
Cameron-Martin-Driver space.
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3. Measures induced by stochastic
differential equations

Let M denote a closed d-dimensional manifold
and A1, . . . , An smooth vector fields on M . Let
o be a fixed point in M .

Consider the (Stratonovich) SDE

dxt =
n∑

i=1

Ai(xt) ◦ dwi, t ∈ [0, T ]

xo = o

where (w1, . . . , wn) is a Euclidean Wiener pro-
cess.



We study the manifold of continuous paths

X =
{
σ : [0, T ] %→ M/σ0 = o

}

equipped with the measure γ where γ is the
law of the diffusion x.

The tangent space TxX is defined to be the
set of paths V : [0, T ] %→ TM such that

Vt ∈ TxtM, ∀t ∈ [0, T ].

The objective is to construct a class of admis-
sible vector fields on X.



There are two approaches to this problem:

1. The lifting approach to the endpoint prob-
lem (Malliavin, 1976). Recall the SDE

dx =
n∑

i=1

Ai(xt)dwi, t ∈ [0, T ].

Let γT denote the law of of xT . Malliavin es-
tablished the admissibility of C1 vector fields
on the space (M,γT ).

The underlying idea is to lift the problem to the
Wiener space by the map w %→ xT . This ap-
proach works under very general nondegener-
acy conditions on A1, . . . , An (Hörmander con-
dition and weaker).

2. The rolling approach (Driver, 1991) based
on the stochastic development map. This meth-
od produces admissible vector fields on the
whole path space (X, γ) but requires the ellip-
ticity condition: A1, . . . , An span TM at every
point in M .



Goals:

1. Construct admissible vector fields on X by
the lifting method, in the elliptic setting.

2. Extend this method so that it applies to
degenerate diffusions.

Both these goals have been realized. The first
will be described today.



The statement of the main result requires the
introduction of some geometric structure as-
sociated with the diffusion process

dx =
n∑

i=1

Ai(xt) ◦ dwi.

Assume the vector fields A1, . . . , An span TM
at every point of M .

Then {Ai} induce a Remannian metric g on M ,
defined as follows: let

Ai = air∂/∂xr

be a local representation of Ai,1 ≤ i ≤ n (note
here and from this point on we use the sum-
mation convention).

The metric tensor [gjk], is defined by

gjk = aijaik, 1 ≤ j, k ≤ d.

Let ∇ denote the corresponding Levi-Civita
connection (the unique metric compatible torsion-
free connection on TM).



Define a set of 1-forms ωjk,1 ≤ j, k ≤ n on M

by

ωjk(.) =< ∇Aj
Ak, . > − < ∇.Aj, Ak >

and functions bjk,1 ≤ j, k ≤ n on M by

bjk =
1

2

(
< LjiAi, Ak > − < Lij∇Ak

Ai > −

< ∇Aj
Ak,∇Ai

Ai > + < ∇ApAi, Ak >< ∇Aj
Ap, Ai >

)

where

Lij ≡ ∇Ai
∇Aj

−∇∇Ai
Aj

.

Denote by H the Cameron-Martin space of
continuous paths

{
r : [0, T ] %→ Rn : r0 = 0,

∫ T

0
|r′t|2dt < ∞

}
.



Theorem. Let r = (r1, . . . , rn) be a path in H.
Define hi,1 ≤ i ≤ n by the following system of
SDE s

dhi =
[
ωji(◦dxt) + bji(xt)dt

]
hj(t) + r′idt

hi(0) = 0.

Then the vector field Z on Co(M) defined by

Zt ≡ Ai(xt)hi(t), t ∈ [0, T ]

is admissible and

Div(Z) =
∫ T

0

(
r′i +

1

2
< Ric(Zt), Ai(xt) >

)
dwi.

Note: The above conclusion is similar to that
of Driver but the construction of Z is differ-
ent. In Drivers work admissible vector fields
are obtained by parallel translation along x of
Cameron-Martin paths in ToM .



4. Outline of the proof

Let g denote the Ito map w %→ x defined by the
SDE dx = Ai(xt) ◦ dwi.

The idea is to construct a vector field Z on X
that lifts to an admissible vector field r on the
Wiener space C0(R

n).

The lifting property means that the following
diagram commutes

dg
TC0(R

n) → TX

r ↑ ↑ Z

C0(R
n) → X

g

Following Driver, we require

r =
∫ ·

o
adw +

∫ ·

0
bdt

where a is an adapted process with values in
so(n) and b is an adapted process in Rn.



Let Φ be a test function in C0(M). Then

E[(Z(Φ)(x)
]
= E

[
r(Φ ◦ g)(w)]

E[Φ ◦ g(w)Div(r)]

= E
[
Φ(x)E[Div(r)/x]

]

where Div denotes the divergence operator in
the classical Wiener space.

Thus Z is admissible with divergence given by

Div(Z)(x) = E[Div(r)/x]

= E
[ ∫ T

0
bdw

/
x

]

where

r =
∫ ·

o
adw +

∫ ·

0
bdt.



Digression: The endpoint problem

Let gT (w) = xT and suppose Z is a C1 vector
field on M .

Then r is lift of Z if

dgT (w)r = Z.

Now it can be shown that if X1, . . . , Xn satisfy
Hormander s condition, then

dgT (w) : H %→ TxT M

is a.s. surjective (i.e. gT is a submersion). We
choose

r = dg∗T (dgTdg∗T )−1Z.

The operator dgTdg∗T is known as the Malliavin
covariance matrix.

This construction does not work on the path
space level.



Theorem. (Lifting Theorem) The process r :
Ω × [0, T ] %→ Rn is a lift of the vector field Z
defined by

Zt ≡ hi(t)Ai(xt) (1)

if and only if r and h are related by the SDE

hk = rk +
∫ ·

0
< [Aj, Ai], Ak > (xt)hj ◦ dwi. (2)

If we choose a path h and define r by (2), then
r will not generally lie in the CMD space.

Alternatively, we could choose, say, a deter-
ministic r ∈ H, define h as the solution to (2)
and Z by (1). However, in this case Z will de-
pend explicitly on w and, since w is generically
not a function of x, the process h will not be
well-defined as a function of x!

(w1, w2) %→ x

h = h(w) 0= h(x)

The answer is construct (r, Z) as a pair.



Observe that the is problem is that the diffu-
sion coefficient in

hk = rk +
∫ ·

0
< [Aj, Ai], Ak > (xt)hj ◦ dwi (2)

is non-tensorial in Ai. We resolve the issue
by decomposing the diffusion coefficient into
a term that is a tensor in Ai and a term that is
skew-symmetric in the i and k indices, then ab-
sorbing the skew-symmetric part into the pro-
cess r.

< [Aj, Ai], Ak >=< ∇Aj
Ai, Ak > − < ∇Ai

Aj, Ak >

=< ∇Aj
Ai, Ak > − < ∇Aj

Xk, Ai >

+ < ∇Aj
Ak, Ai > − < ∇Ai

Aj, Ak > .

Write

Gik
j (t) =

(
< ∇Aj

Ai, Ak > − < ∇Aj
Ak, Ai >

)
(xt)

and

T jk =< ∇Aj
Ak, · > − < ∇·Aj, Ak > .



Equation (2)

hk = rk +
∫ ·

0
< [Aj, Ai], Ak > (xt)hj ◦ dwi

can now be written

hk = rk +
∫ ·

0
Gik

j hj ◦ dwi +
∫ ·

0
T jk(Ai)hj ◦ dwi

= rk +
∫ ·

0
Gik

j hj ◦ dwi +
∫ ·

0
T jk(◦dx)hj (3)

Let h = h(x) denote the solution to

hk = rk +
∫ ·

0
T jk(◦dx)hj

and define a process ρ by

ρk = rk −
∫ ·

0
Gik

j hj ◦ dwi.

Then we have

hk = ρk +
∫ ·

0
Gik

j hj ◦ dwi +
∫ ·

0
T jk(◦dx)hj

and (3) holds with r replaced by ρ.



Thus Z ≡ hiAi(x)is a vector field on Co(M)
and ρ is an admissible lift of Z to C0(R

n), as
required.

Computation of the divergence

Recall that

Div(Z) = E[Div(ρ)/x].

In order to compute Div(ρ), it is necessary to
convert the Stratonovich integral in

ρk = rk −
∫ ·

0
Gik

j hj ◦ dwi.

into Ito form. This is done via the formula
∫ t

0
Gik

j hj ◦ dwi =
∫ t

0
Gik

j hjdwi +
1

2

[
Gik

j hj, wi

]
(t).

The divergence of the quadratic variation term
above yields the Rcci curvature term in the
statement of the theorem.
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