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1. Hormanders theorem

Definition. A differential operator G is hy-
poéelliptic if, whenever Gu is smooth, for some
distribution u« defined on an open subset of the
domain of &G, then u is smooth.

Suppose Xg,...,Xyn are bounded smooth vec-
tor fields on R? with bounded derivatives of all
orders. We consider these as first-order differ-
ential operators and write
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Let L. denote the second-order differential op-
erator
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Theorem (Hérmander, 1967). Suppose the
Lie algebra generated by X,,...,Xn has full
rank in an open set U C R?, i.e. the vectors

{Xia [X’UXJ]? [[X27X]]7Xk]7 S 77:7j7 k7 T — 07 S ’I’L}
span R® at all points in U. Then L is hypoel-
liptic in U.

The hypothesis above is known as Hormanders
Lie algebra condition (HC).



2. A probabilistic formulation of the
problem

Let (wq,...,wpn) denote a standard Wiener pro-
cess in R™. Consider the SDE

n t t
§f =z + Z /O X;(&5)dw;(s) +/O Xo(&5)ds.
1=1

The solution process € is a time-homogeneous
Markov process. T he transition probabilities

p(t,z,dy) = p(& € dy)

satisfy the following partial differential equa-
tions (Kolmogorov backward and forward equa-
tions) in the weak sense
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Suppose the vector fields X, ... X, satisfy the
following parabolic version of HC at each point
in RY

{Xia [Xjan]a [[Xjan]aXl]a IR
i1<1<n, 0< 4kl - <n}

Then it follows from Hormander stheorem that
the operators %—L and %—L* are hypoelliptic.

Thus the transition probabilities p(t,z,dy) for
the SDE

n
d¢r =z + > X;(&F)dw; + Xo(&)dt
i=1
admit densities p(¢, z,y) that are smooth in ¢, x
and y.

In the opposite direction, if one can establish
by direct probabilistic methods that under HC,
the above SDE admits smooth transition prob-
abilities, then this can be used to give a prob-
abilistic proof of HT.



3. Basic Malliavin calculus

Let v denote the Wiener measure on the space
of paths

Cqog={0:[0,1] - R" : 0(0) = 0}.

Let ¢ : Cy — R be a cylindrical function, i.e.

p(w) = F(w(ty), ..., w(t))

where F: R™ — R is C®. Then we define an
operation D; by

d
Dip =Y %(w(tl), o w(t) ) 0.1 (®).

1=1

et Df denote the closure of the set of cylin-
drical functions under the norm

1 1/2
= (E||¢|? /D thD |
91,2 = (16 + [ 1Dl
Define DE analogously and

D* = () D~
rp=1



Finally, denote the extension of D; to D°° by
the same symbol.

For g : Cy — R% such that each g; € D™, define
the Malliavin covariance matrix C by

1
Cij = /o (Dtg;) - (Drgj)dt.

Motivation. Introduce the Cameron-Martin
space H, the Hilbert subspace of C, consist-
ing of absolutely continuous paths A with finite

energy .
Il
0

If ¢ is a cylindrical function then

d
Diop = @DH¢(UJ)

(note that Dy¢(w) € H* ~ H). Furthermore

C = Dpg(w)Dpg(w)™.



Theorem (Malliavin). Suppose C € GL(d) a.s.
and

(det C)~"teLP, Vp>1 (%)

Then the random variable g(w) is absolutely
continuous and has a smooth density.

T heorem. Consider the SDE
§=c+ Y [ X(eDdwi(s) + [ Xo(eh)ds.
i=1

Then the map w — & lies in D*. The MCM
C is given by

t
C=Y: [ ZAEDAED ZidsY;

where A = [X{...Xyn], Y is the derivative of

the stochastic flow x — &F, and Z; = Yt_l.

Theorem (Kusuoka-Stroock) If the vector fields
Xg, ..., Xn satisfy the parabolic HC at x then
(*) holds. Hence £ admits a smooth density.



4. Exponentially degenerate hypoelliptic
operators

The hypothesis of Hormander s theorem (HC)
is known to be necessary for hypoellipticity of L
if the coefficients of L are analytic. This is not
the case in the smooth non-analytic category.

Theorem (Kusuoka-Stroock, 1987). Consider

the class of differential operators on R3 of the
form
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L —— + ex p , p<O

Then Ly, is hypoelliptic /fand only ifp € (—1,0).

In particular, if p € (—1,0) then L, is hypoel-
liptic on R3 but fails to satisfy HC on the hy-
perplane {z = 0}.



We describe an extension of HT that encom-
passes operators with degeneracy of exponen-
tial order and includes the K-S operators. The
statement of the result requires the following
notation.

For k > 0, define X(*) to be a matrix with
columns X,,..., Xy, and all vector fields ob-
tained from Xg,..., Xy by forming iterated Lie
brackets up to order k. Define

Ak = smallest eigenvalue of x (k) x (k)*,

Let H¢ denote the set of points in D where L
fails to satisfy HC. Then

H={z e D: \®(z) =0, VK.

A Cl hypersurface S ¢ R? is said to be non-
characteristic (with respect to L) at x € S if
at least one of the vector fields Xq,...,Xnis
non-tangential to S at =x.



Theorem (B-Mohammed). Suppose the non-
Hormander set HC¢ of L is contained in a C?
hypersurface S. Let U be any open subset of
the domain of L and assume that for all x €
HeNU

(i) S is non-characteristic at x.

(ii) There exists an open neighborhood V' of z,
an integer k> 0, and p € (—1,0) such that

AR (y) > exp{~[d(y, S)IP},Vy € V.
Then L is hypoelliptic on U.

Concerning the hypotheses:

Condition (i) is known to be necessary for the
hypoellipticity of L.

Condition (ii) controls the rate at which HC
fails at points in H¢ as we approach S. The
non-hypoellipticity of the Kusuoka-Stroock op-
erator L_; shows that an assumption of this
type is necessary and the allowed range of p in
the theorem is optimal.



5. Outline of the proof

We use the following result to prove a parabolic
version of the theorem.

Lemma (Kusuoka-Stroock). Let A denote
det C where, as before C is the MCM

t
C=Yi [ ZAEDAED) ZidsY). (1)

Suppose that for all ¢ > 1 and x € D, there
exists a neighborhood V C D such that

tir(;t log {Z,ESE“A(@ y)_qu} = 0. (2)

Then L4 0/0t is hypoelliptic on R X D.

Establishing condition (2) under the hypothe-
ses of the theorem requires analyzing the inter-
action between the diffusion process £ and the
non-Hormander surface of L. This constitutes
the majority of the proof.



The strategy is as follows:

(i) We express the surface S locally in the form

S = {z € R%/ ¢(z) = 0}

and translate the hypotheses of the theorem
into conditions on ¢.

(ii) Probabilistic lower bounds are obtained on
the LP-norms of the process y; = ¢(&) for ar-
bitrarily large values of p.

(iii) We study how the estimates in (ii) are
degraded under exponential-type degeneracy.
This yields lower bounds on the integrand in
the MCM that are shown to imply the hypoth-
sesis of the K-S lemma.



Our proof characterizes the class of degenerate
hypoelliptic operators of Hormander type, in
terms of properties of the Wiener process. An
essential tool is the space-time scaling prop-
erty. We use this to show that the critical
level of degeneracy is determined by the form
of the Gaussian density (hence the title of the
talk).



Definition. A random time 7 is exponentially
positive if there exist positive constants a and
b (the characteristics of 7) such that

P(r <e) <exp(—b/e)

for all € < a.

Example The exit time 7 of a diffusion process
with bounded coefficients from a ball of fixed
radius is exponentially positive.



Lemma 1. Lety be an Ito process of the form

n

dy(t) = ) a;(t)dw(t) 4 b(t)dt
i=1

where aq,...,an and b are adapted processes.
Suppose (i) at least one of a1(0),...,an(0) is
non-zero.
(ii) There exists a deterministic constant c such
that n

S Jai(®)] + [b(t)] < ¢Vt € [0,T].

i=1
Let ™ be an exponentially positive stopping time.
Then for every p € (—1,0), there exists a pos-
itive constant 3 and q > 1 such that

P T exp(—ly(u)P)du < ) < exp(~5llog |

for all e < exp(—t—1/9). The constants 8 and q
depend only on p, a1(0),...,an(0), ¢, and the
characteristics of T.



Define A(¥) to be the smallest eigenvalue of
X (k) x (F)* where X (%) is a matrix with columns
Xq,...,Xn and vector fields consisting of iter-
ated Lie brackets of X,..., X, up to order k.

Lemma 2. Under the hypotheses of the The-
orem, for each x € H¢, there exists a neigh-
borhood U of z, a C? map ¢ : U — R% and
p € (—=1,0) such that

(i) p(x) = 0, Vo(x).X;(x) = O for at least one
1=1,...,n.

(ii) For some k > 1

AB) () > exp{ = )P}, vy e U (3)

Remark ¢ is a function whose vanishing set
locally defines the surface S containing HF€.



We are trying to establish the estimate

lim_¢log { ig‘BE“A(t,x)_qﬂ} —0. (4

where A(t,x) is the determinant of the Malli-
avin covariance matrix corresponding to the
map w — &f.

We initially prove that
Elaca) i)} <c Y P(Qea) < j1/@)
j=1
where
n t
Qt,z) =infq > | < Z%(w)X;(&5),h > du, |h| =1}
Py |

Since Z¥* satisfies strong stochastic lower bounds,
one can (effectively) replace Q(t,x) above by

/OWMl)(si)du

where 7 is some exponentially positive stopping
time.



5> P( [T AD (gD < @) (5)

In order to simplify the exposition, we now as-
sume the hypothesis of the Theorem holds at
x with k = 1. Hence conclusion (3) in Lemma
2 (ii) holds with k = 1:

MY (@) > exp { ~ [o()P}.
Using this in (5), we have

E[l a2} <

S0 AT
p — |B(EDIP pdu < j~1/(4)
ngl (/O eXD{ | | } he )
(6)



By Ito s formula the process ¢(&F) satisfies

dp(&F) = _Z Vo ((&F) - X (&) dw;(t) + G(t)dt

1=1
for some function G. By Lemma 2 (i), the
process y; = |p(&F)| satisfies the hypotheses of
Lemma 1.

Applying Lemma 1 with this choice of y; gives:
there exists r > 1 such that

P( [ exo { ~ Is(EnIP}du < 51/
< exp{—pB(logj)"} )

for j satisfying j—1/(d0) < exp(—t—1/7), i.e.

j > exp(yt~1/m) where v = dg.



Substituting (7) into (6), we deduce

B[l ]} <

c(exp(yt_l/r) + io: exp{—p4(log j)r}).

j=1
T he constants can be chosen to uniform be in
x in a small enough neighborhood V C D.

This implies the criterion in the Kusuoka-Stroock
lemma:

lim tlog { sup ||E[|A(t,y)_q|}}} = 0.

and it follows that the operator L + 9/0t is
hypoelliptic.

This is a parabolic form of the main result.
The full result can be deduced from this.



