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THE RADON TRANSFORM ON ZF*

MICHELLE R. DEDEO! AND ELINOR VELASQUEZf

Abstract. The Radon transform on Z% averages a function over its values on a translate of a
fixed subset S in ZE. We discuss invertibility conditions and computer inverse formulas based on the
Moore—Penrose inverse and on linear algorithms. We expect the results to be of use in directional
and toroidal time series.

Key words. Radon transform, invertibility, Fourier transform
AMS subject classifications. Primary, 44A15; Secondary, 42A38

DOI. 10.1137/S0895480103430764

1. Introduction. Suppose G is a finite group and fix S C G. Let C(G) be the
space of real-valued maps on G. A finite analogue of the Radon transform may be
described as follows: For all f € C(G), define the Radon transform based on translates
of S C G as

F)y= > 10

JjES+a

Diaconis and Graham [2] discuss the cases where G = Z§, the group of binary
k-tuples, and where G = S,,, the symmetric group on n letters, in order to provide
an exposition on discrete Radon transforms which appear in applied statistics. Fill
[4] examines the case G = Z,, the group of integers modulo n. This case arises in
directional data analysis and circular time series. Other finite analogues of the Radon
transform occur, but we shall restrict ourselves to the case G = ZF the group of
k-tuples of the integers modulo n, as these results are of use in k-dimensional toroidal
time series.

In section 1, we use representation theory as described in DeDeo and Velasquez [1]
to describe the Radon transform on ZF and its invertibility conditions. In section 2,
we discuss a specific example, the Radon transform based on a translate of a fixed
S, C Zk, where S, denotes a sphere of radius r. In this situation, ZF is associated
with a Cayley graph with a Hamming metric. The injectivity of the Radon transform
is seen to depend on the zeros of particular Krawtchouk polynomials. The proof of
this includes a counting argument rather than computing the appropriate spherical
functions for the graph. Inversion formulas are presented in section 3. First, explicit
formulas are computed using the Fourier transform, its inverse, and a Moore—Penrose
generalized inverse transform. Then inverse algorithms, which do not rely on the
Fourier transform, are described for the Radon transform based on translates of the
fixed spheres S, in ZF.

1.1. Motivation. This is an extension of DeDeo and Velasqeuz [1] which at-
tempts to extend directional data and time series to discretized analogues of mani-
folds. Two-dimensional manifolds are homomorphically either spheres with handles
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or spheres with crosscaps. For dimensions greater than two, the situation is more
complex. In this paper we shall inspect the discrete analogue of the sphere with
k-handles, i.e., the discretized k-dimensional torus denoted by Zfl.

Functions relevant to time series are the maps f : 7% — R or f : Z¥ — R, with
ZE the proposed discretization of the k-fold torus. The act of employing a certain
hnear filter to functions on Z¥ may be considered to be the mapping of f to f, its
Radon transform, where

Fla)=>" eli —a)f()
jezk
for some ¢ : ZF — R. If ¢ is the characteristic function of a fixed S in Z¥ the mapping
above reduces to the usual Radon transform based on translates of S in Z’C .

2. Fourier analysis on ZF. Throughout the next two sections, we set G = ZF,
the group of k-tuples with elements in Z,,. Explicitly, Z* = (A, +), where A = {z|z =
(1,72,...,2)t for x; in Z,, where i = 1,...,k}. Assign the natural inner product
to Zk such that forall z and y in ZF, z-y = Zle x;y;. Thus ZF is an abelian group

under addition and its group representations all have degree one since ZF = Hk /e
We have that the characters are the homomorphisms x; : 7k — C*, where

k
9= [T (=)

for all z = (21, 29,...,21)t and j = (j1,J2,---,4%)" in ZE, C* denotes the nonzero
complex numbers, and x; denotes the character of the jth copy of Z,. Recall that the
characters of Z,, are explicitly the functlons Xon ¢ Lp, — C* defined by x,,(y) = w™Y
for m € {0,...,n — 1}, where w = e, an nth root of unity. Thus we have that

X; @ ZE — (CX defined by x;(z ) = wi* indexed by j € ZF are the inequivalent,
irreducible unitary representations of ZX. We denote the Hilbert spaces of functions
on ZF and Z’g, the space of characters of ZF, by £2(ZF), and the space of square-
differentiable functions on Z& by 52(2%).

The Fourier transform for Z¥ from £2(ZF) — [,2(27%) is

FH=F@)=F0u) = > x.)= > flyw?

fly)ezy, fy)ezs,
with the Fourier inverse from £2(i£) — L2(ZF) as

F ==~ 3 xHi

f(y)GZA’C

nlk > ey (xa)

x€ZE

- % S o f(a)

z€ZLE

For all functions f € C (Z’“)7 the Radon transform

(Rf)=Fla)= > fG) =D esi—a)f (),

JjES+a JELE
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where ¢g4(+) is the characteristic function of S in Z. Therefore, we can identify the
Radon transform R with the matrix

(R)y.; = ¢s(i — k)
and the finite Fourier transform F and its inverse with the matrices

(]:)lﬂn = w!'™ and (F*I)Lm = % (.7-'):“7[ = %wl'm,

respectively, where w is a fixed root of unity and * denotes the conjugate transpose. We
wish to describe the invertibility of the Radon matrix. The group (Zk,+) is abelian;
therefore, singular value decompression via Fourier matrices results in a diagonal
matrix.

PROPOSITION 2.1. (FRF");; = 6;m*@ (1), where &;; = 1 if j = 1 and 0
otherwise.

Proof. We refer the reader to DeDeo and Velasquez [1]. |

We note that the Radon matrix is not invertible if S = ZF as it leads to a matrix
of all 1’s, and that the matrix is always invertible if S has one element.

3. The Krawtchouk polynomial and invertibility. Consider a subset of
ZE. Specifically, for a fixed r € N, set S = S, = {z € ZF|H(x) = r} = H(x),
where H(z) is the Hamming distance of x from the origin of Z%. In other words,
we associate ZF with the graph X = X (V, E) with vertex set V = ZF and edge set
E = {(z,y) € V x V|H(z,y) = 1}, and where H(x) is the Hamming metric, the
number of coordinates in which z and y differ.

DEFINITION 3.1. Fiz the following integers r in 0,...,k and let ¢ be a prime.
The Krawtchouk polynomial (MacWilliams and Sloane [6]) is

sh0) = D=1 (D))

where (‘g) denotes the usual binomial coefficient. Setting g = 2 results in the form we

will be using for the remainder of the paper:

o= () (E2)):

€Ly

PROPOSITION 3.2 (DeDeo and Velasquez [1]). For z € ZF, o5 (z) = pF(H(z)).

Proof. For x € Zk, we have §g (x) = Y cg w”*, where w is a primitive nth

root of unity. Since @g () depends on z = (z,.. ., x)" in ZE only through the
unordered set {z1,...,z;}, then we may assume, without loss of generality, that

x; Z0fori=1,... h, where h:== H(z) and z; =0 fori =h+1,..., k. Now

r

OEDY > 2. W

=0 {oi,...,;}C{1,....,k} seS ({a1,...,a1})

with S,.({a1,...,q;}) == {s € S|s; # 0 for i € {a,...,q} and s; = 0 for i €
{1,...7k:}/{a1,...,al}}.
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Then

1
Lo, Sa.;
3 @a,-sa,

seSr({ar,...,ar})

since w is a primitive root of unity and z,; # 0.
Hence §g.(x) = o ("{7) (=1 (*21) = pl(H (). O

4. Inversion algorithms. We now consider the case of an invertible Radon
matrix along with a typically noninvertible Radon matrix. Inversion formulas using
standard Fourier methods are constructed. Then follows an exposition of inversion
algorithms which do not use Fourier transforms.

DEFINITION 4.1. If T is a finite-dimensional matriz, let the Moore—Penrose
generalized inverse matriz of T be the unique matriz U satisfying (1) TUT = T;
(2) UTU =U; (3) (TU)* =TU; (4) (UT)* = UT, where * is the conjugate transpose
of T.

We shall denote U by T.

PROPOSITION 4.2 (DeDeo and Velasquez [1]). Suppose f € C(ZF). Then we have
the following.

i. If og(z) # 0 for all x € ZE, then, for all z € Zk,

= > T ZA

z€ZE EZ’C
ii. If pg(x) =0 for some x € ZE, let matriz A be given by
A)j,l — 6jlnk Zw—l.s7
seS
which implies that

-1
B . 1 —l-s : —ls
(A7) j = 6  withA] = nF <Z w ) if Y w # 0.

seS
0 otherwise

Then f = R¥f with R = F*ATF. In other words, the reconstruction of f €
C(ZE) for pg(x) is

f@) Y REFa) = = 3 A0 F (@),

y,2ELE
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Fill [4] estimates the possibility of the accurate reconstruction of a function by a
least squares error discussion. This argument is completely valid for ZE. Hence, we
provide a brief sketch here and refer the reader to Fill [4] for the details.

Given g in C(ZF), we need to redefine the residual vector E(f) for all f in C(ZF)
such that

B(f)=g—Rf in C(ZF).
Then
IEAI =llg — REAIP =D lgla) — (Rf) ().

z€LE
If fo=R"fand f = fo+ h, where h € C(ZF), then the least squares error is
ol = I1f = foll* = ||(I - RR™)g]| .

where [ is the identity transform.

We now consider inversion algorithms based on a linear equations approach rather
than the use of Fourier transforms. Diaconis and Graham [2] consider algorithms for
shells and balls of Hamming radius 1. We shall consider shells to indicate the general
scheme.

PROPOSITION 4.3. Suppose f is in C(ZF). Form € {0,...,k}, define

gm)= Y f(x) and gm)= > f(x),

H(z)=m H(z)=m

where f is the Radon transform of f on translates of a shell of Hamming radius 1.
Then

gm)=n-1Dk-m+1)-gm—-1)4+n—-2)m-g(m)+ (m-+1)-g(m+1)

with g(—1) =gk +1) =0.
Proof. Given f € C(ZF), note that the Radon transform of f on a shell of radius

1is
f@y= > fw= > fw.

yeS1+x y:H(z,y)=1

Given x in ZF we examine y in ZF such that H(z,y) = 1. Suppose = € S, def {z e
ZE|H (z) = m}. Then there are three possible radii for y : H(y) = m —1,m, or m+ 1.
We shall consider each case separately.
First, we discuss some notation. Fix m € {0,...,k} and consider w = w;, ... w;,,
in Sy,. Then w has m nonzero coordinates w;,, for a € {1,...,m}. We choose {i,}7* C
.
1. Hly) =m —1. Let * = x;, ...x;,, € Sp,. It is clear that there exists a y in
Sm—1 such that y = z;, ...xz;,_,. For a fixed y, partition .S, into subsets
where

Fy={zi ... 2, @i, ly=2i ... T, , }-

Since z;, has k — (m — 1) possible coordinate positions in the k-tuple and
n — 1 possible nonzero values to assume at each position, we have that the
cardinality of F, is (k —m+1)(n — 1) for a fixed y. It is also clear that there
is a one-to-one correspondence between the y € Sy, and F,,.
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2. Hy) = m. Let ¢ = x;, ... x;, € Sp. Each x;, has some value in Z*. Thus
each coordinate is a map =;, : A C ZF — 7%, where x;, — x;,(8,) = sc’f;“ for

v=1,...,m.Fix zgin S,,. Then zg looks hke z; i f‘m for fixed coordinate

posmons {z 1 and fixed values {a, }7*. If y € S ﬂ {y\H(:c y) =1}, then y
can have the forms

ﬁl az .03 Qam 52 as x‘?‘rn :1:(-11 Qm—1 @Tﬂ

i1 ig iz T iy 0 11 Gg iz T Vi, 0D i1 " M im—1 Vi )
where 3; # a; for j =1,...,m. Outputting other z’s of the form

V1,02 .03 .Z'(»an :L,Oél Y2 .03 Qi z(?él AOm—1_Ym

i1 Vig Vi T Vi, ) i1 Vig Vg T iy 0Tyt Tm—1 im

where 7v; # «j, results in the y’s associated with each outputted z. For

example, consider x'“x” xgt . xp™, where 71 # a1. We already know that

the associated y’s are

51 #71,.B2=02  Bz=as Brn=0m
xX.: X R s
Z1 2 3 Tm
51 =Q1 ﬂz?éo% 63 [e%:) B =Qm
21 22 13 . im )
lﬁlfal Bm—1=%m—1 ,3m7504m
i

21 o Tm—1 1m

for Bginl,...,d—1ifé6=1,....m unless stated otherwise. We need only

examine y in {Jvﬁﬁﬁ71 Zzzazxf;:% B =crm }gifTI This set has cardi-
nality d — 2 and contains a unique yg such that yo = 32! ... z7™. In other

words, there exists 3, such that §; = a1 # v, for some /6’1 in 1 ,d—1.
For each fixed 7, we can find a copy of z¢ which we denote as yo. Thus there
are d — 2 copies of zy among the y associates if we output x in S,,, such that
r=xlepteld oafm forall v =1,...,d — 1, where v, # 1.
If we output all forms of x as debcrlbed above we get (d — 2) x m copies of
x. No more repetitions of zy can occur amongst the y associates because we
have exhausted all possible forms of z with which to compute y associates.
Since x was arbitrary, outputting all z from S, results in (d — 2) * m copies
of each y in S,

3. H(y) =m+ 1. Fix yo in Spp1. Then yo = yit'yi? .. y?”fl for fixed coordi-

nate positions {4, }] m+l and fixed values {on}fqu . Partition S,,, into families
which are pI‘OJGCthHS of y in S,,41. (For example, yo has the projection
Qm Qmy Qm
= W U5 Vi Vi Uiy i Yis oo o Yig iy - Yi,y J-) Then
given y in Sy,41, the cardlnahty of fyo ism+ 1. It is clear that there ex-
ists a one-to-one correspondence between y in Sy,41 and F,, as a subset of
Sm+1. 0
We use the results of Proposition 4.2 to describe the system of equations g(p) =
(@)mpg(m) for 0 <m,p < k and

(n—1)-(k—m+1) when m =p —1,

def def ) (n—2)-m when m = p,
G = (Gmp = m+1 when m =p+1,
0 otherwise.

Then G is a singular, nonsymmetric tridiagonal matrix. (Note that when r > 1, G
is a singular, nonsymmetric band-limited matrix with bandwidth proportional to r.)
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Therefore, in order to describe the system of equations g(m) = ((G)m.p) " 'g(p), we
need to set (G)~! = G¥, the generalized Moore-Penrose inverse of G.
PROPOSITION 4.4. Suppose f is in C(ZF). If Xs, Z 0, then

k

f(y) = Z (G+)1,H(w,y)?(x)a

H(z,y)=0

where

@)= > f

H(z,y)=1

and Gt is the Moore-Penrose inverse of G.

Proof. We note that from DeDeo and Velasquez [1], the inversion problem has
become one of inverting singular, nonsymmetric band-limited matrices. For r = 1,
band-limited means inverting the tridiagonal matrix G computed in Proposition 4.2.
Using the definitions and results from Proposition 4.2, we have that

k

9(0) = Y (G*(5,0)1,69(8)

B=0

with (G (s,t))a,s = GT(s,t), the Moore-Penrose inverse of G = G(s,t). Then, since
f(0) = ¢g(0), we have that

k
FO)= Y (G (st gy f(@)
H(z)=0
and, by a shift action,
k) —
H(z,y)=0
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